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M., : THEORY OF A VARIABLE-PERIOD MANTLE MAGNITUDE

Emile A. Okal' and Jacques Talandier?

Abstract. We use classic expressions of the excitation
and propagation of Rayleigh waves to deveiop a mantie
magnitude A, ., measured at variable period bhetween
40 and 300 s. We justify theoretically the use of dis-
tance and source excitation corrections, and obtain
simplified expressions for them. We also explore the
possible influence of the presence of & corner frequency
in the spectrum. Finally, we relate frequency-domain
measurements to the standard practice of measuring
magnitudes in the time domain, and justily the latter
for wavetrains with strong dispersion.

Introdustion

The rapid measurement, if possible in real time and
at a single seismic observatory, of the “size” of an
earthquake remains an important aspect of observa-
tionat Seismology; it motivated C.F. Richter's pioneer-
ing work, culminating in his introduection of the con-
cept of magnitude [Richter, 1935]. Among the various
magnitude scales later developed, the surface-wave
magnitude M, , obtained at a period close to 20 s, and
standardized by the “Prague” formula [Vangk et al,,
1962|, has become the most widely used measure of
teleseismic events. Its popularity stems mainly from the
abundance of 20-s Rayleigh wavetrains along oceanic
paths, and the deployment, in the 1950s and 1860s, of
instruments peaked precisely in this frequency range.
Also, Geller and Kanamori [1877] showed that the
modern-day M, is basically equivaleni to the older M,
as used by Gutenberg and Richter [1954].

It has long been known, however, that any magni-
tude scale measured at a constant period T saturates
when the duration of rupture along the fault becomes
comparable to T. Thus for very large earthguakes,
and in particular those carrying tsunami risk, M, loses
significance. On the other hand, the seismic moment
Mg introduced by Aki [1957], measured, at least in
principie, at zero-frequency, keeps growing with earth-
quake size, rather than saturate. In addition, and
because of the linearity of the laws of mechanics, the
excitation of all seismic waves from an earthquake
source is proportional to M,

About 20 years ago, Brune and King {1967} investi-
gated the spectral amplitude of 100-s Rayleigh waves,
but stopped short of fully defining a magnitude scale at
this period. With the recent development of broad-
band seismographs providing adequate records of man-
tle Rayleigh waves even for relatively moderate earth-
quakes, it is now possible to envision their systematic
use in the rapid estimation of the “size’’ of teleseismic
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events, in particuiar of their seismic moment. The pur-
pose of this paper is to lay the theoretical grounds for
the development of a magnitude scale M,, , measured
on mantle Rayleigh waves, at a variable period (in
practice T > 40 g}, allowing the immediate estimation
of the seismic moment of a distant earthquake, In a
companion paper [Talandier et al, 1087; hereafter
Paper 2], we give experimental resuits from the broad-
band station at Papeete, Tahiti, and describe briefly
the automation of the method. In this endeavor, we are
driven by two goals: first, retrieval of the seismic
moment Mg, and second, retention of the concept of
magaitude, with its direct relationship to the amplitude
of ground motion. As a result, we define M,, as

My, == logyg My —20 (1)

where Mg is in dyn-cm. The constant 20 provides a
simple link between M, and M, and keeps M,
values in the general range of conventional magritudes.

It should be noticed that in this fashion, we impose a
slope of 1 between M, and log,gM,. This differs from
the case of M, , for which Kanamori [1977] imposed a
slope of 2/3, since he was specifically seeking to extend
M; to gigantic earthquakes, beyond its point of total
saturation; as discussed in detail by Geller {1976}, most
“interesting” earthquakes (large, but not gigantic; typi-
cally M, == 7} belong to a region where M, has started
to saturate, and grows only iike 2/3 log,oM o; hence the
factor 2/3 in A, . In our case, and for the purpose of
retrieving M, 1t Is easier and more natural to impose a
slope of 1 between AL, and log,A,. Finally, in this
study, we restrict ourselves to shallow sources (h
<75 km), characteristic of large subduction zone
events, and bearing substaniial tsunami risk.

Theory

We base the development and measurement of M,
on the following theoretical approack [Kanamori and
Stewart, 1976]. The spectral amplitude at angular fre-
quency w of a Rayleigh wave recorded at a distance A
from an earthguake point source can be written:

X(wy=1a Vn[2 [ e 2209 / A | x (2}
X {—{1}- sp Kol V2 = pp K130 gy i 1Y/? ' Mg }

In this equation, we group separately terms due to pro-
pagation and excitation. The first line contains the
geometrical spreading and the anelastic attenuation
over the path ¢ A. The second line contains terms
relating to excitation: the seismic moment M, and a
combination of the excitation coefficients K, (depend-
ing on depth and frequency), and of the trigonometric
coefliclents pp, qp ., sp, depending only on the particu-
lar geometry of faulting relative to the azimuth to the
station. [ is the angular order of the equivalent normal
mode. We refer to Kanamori and Stewart [1976] for
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Fig. 1. Excitability of Rayleigh waves E,,
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as a function of depth and frequency. (a)

Uncorrected data. Each {ine represents E, at a given depth (between 10 km (symbol: 0) and 75
ki (symbol: 8)), obtained by averaging the excitation over all possible focal geometries. The
thicker trace is the value at 20 km. {b): Same as {a} after the correction given by Eqn. {4} has

been applied. Note small deviation for T > 40 s.

the exact expression of these various coeflicients.
Conversely, Ghis equation c¢an be used to exiract the
seismic moment of the event through

log oM = log X (W) + Cp + Cy + Cy {3)

where Cp is a distance correction, Cg a source correc-
tion, and 'y = logo(v(2/n)/a } = ~3.80 a constant.
Equn. {3} lays the ground for the definition of a magni-
tude scale at variable frequency.

Distance Correclion Cp

This correction is simply Cp == 0.5 logy sinA 4+
{logyge jwa A/2UQ . These terms are independent of
focal geometry and depth; given a model of dispersion
and attemuation for a particular path, Cp is readily
computed and can be catalogued as a function of dis-
tance and frequency alone. In practice, and for the
dataset described in Paper 2, we use a regionalized
model of the Pacific Ocean, with dispersion and
attenuation based on the models of Canas and Mitchell
[1978], Mitcheil and Yu [1980] and Nakanishi [1981].
The path under study is then split into segments of
various ages, and their contributions to €y added,

Source Correction Cg

This correction is Cg == logq | (s Kol V% -
ppE A g K AYY U [ . It is somewhat
more complex and depends on a combination of fre-
guency, depth, and focal geometry. For the purpose of
obtaining rapidly, in real time, an earthquake magni-
tude (by definition an order of magnitude of the size of
the earthquake), it is legitimate to assume that the
focal geometry of the event is unknown, and to use a
correction averaged over the orientation of the focal
mechanism. Figure 1¢, shows values of the “excitabil-
iy’ E,, as a function of period and depth {10 km < &
< 75 km), in the PREM meodel, obtained by averaging
the second bracket in (2) over a set of 3240 focal
geometries. Using £, instead of the exact excitation
results in a systematic error for an event with “pure”

focal geometry (either horizontal or vertical slip on a
perfectly vertical fault plane), and a station at the node
of the radiation pattern. For other mechanisms, in par-
ticular the shrust faults characteristic of the catas-
trophic events at subduction zones, it 18 general possi-
ble to find a period at which the sharpness of the nodes
of the radiation pattern is considerably reduced {see
example below); under these conditions, the error usu-
ally remains less than & 0.2 unit of magnitude. Tt is
clear from Figure ie¢ that the dependence of £, on
depth is minimal for periods 7" > 40s. I Og is
modeled by the cubic spline best-fitling E,, {20 km}:

Cg == 2.0368 6° - 1.3122 6% + 0.39342 4 + 3.9335 (4)

where § == log,,T - 1.7857, Figure 15 shows that the
deviation of £, is at most 0.2 order of magnitude
between the depths of 10 and 75 km. The range of
variation of Cy itself is only 3.92 + 0.2 between 40 and
150 s, when M, is in units of 1077 dyp-em. Equs. (1)
and {3} then yield:

M,, = log,oX (w}+ Cp + C5 —0.90 {(5)
where X (w) is in pm-s.
Influence of Source Duration, Correction Cop .

For most ecarthquakes with moments in the 10% to
10% dyn-ecm range, one expects the first corner fre-
queney due to finite length of rupture to oceur in the 8
to 20 mHz second range {Geller, 1975]. As a result, and
for the larger events, some measurements taken in the
40 %o 150 5 period range are expected to fall beyond the
corner frequency wep, and thus require a correction
due to source duration. This need could be alleviated
by using waves of even longer periods. As discussed
below, we prefer using a range of magnitudes for the
determination of M, , to guard against possible focal
geometry artifacts,

Source duration interferes with the ampiitude spec-
trum X {w} through an additional factor sine (wr, /2),
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where 7, is the source duration. Comversely, beyond
wep , this warrants an additional correction

Cop ==logyy {7, /| T) (6)

to M, in (5), since the sine function in ‘sinc’
approaches t beyond weap .

In principle, il major earthquakes follow sealing laws
with constant stress drop Ao, one expects the {ength of
rupture, and consequently T,y to grow as MO]/S
[Kapamori and Anderson, 1975 For Ao = 50 bar,
Geller [L9768] obtains 7, == 18 M /%, where 7, is in
seconds and M, in units of 1027 dyn-cm. Eqn. {5) then
becomes

M, =15 [log(X (W) /T )+ Cs + Cp |~ 222 (7)

In practice, the systematic inversion of source param-
eters of moderate to large earthquakes [e.g., Dziewonski
and “Woodhouse, 1983] confirms the growth of r, with
My, but with considerable scatter, and generally some-
what slower than M01/3 . Indeed, for the dataset used
in Paper 2, a logarithmic regression of published values
of 7, {or L) versus M, vields a slope of only 0.09, with
a linear correlation coefficient of only 0.045, suggesting
poor sealing of 7, with M.

Several reasons may exist for this violation of scaling
laws: the geometry of rupture may be variable, involv-
ing bi-directional faults; the velocity of rupture is
known o vary substantially, and the stress drop itself
could vary; more significantly, heterogeneity along the
fault zone, in the form of asperities [Lay and Kanamort,
1981} or barriers {Aki, 1879}, can lead to jerky stress
release, poorly described by a constant rupture veloeity
(however, the finiteness of the rupture velocity remains
a valid concept, and ecatastrophic earthquakes in the
109 to 109 dyp-cm range are known to  have
significantly longer durations).

In view of these results, we also consider a model
with constant 7, == 35 s {this is the average value for
the dataset in Paper 2), and obtain a corner frequency
correction Cpp = 2.04 — log o T. BEqn. (7} is then
replaced by

M, ==log| X{w)/ T ]+ Cs + Cp + 1.14 (8)

Time-Domain Measurements

The above theory was developed in the frequency
domain, and makes use of the spectral amplitude X (w).
In order to relate M, more closely to standard magni-
tudes measured in the time domain, we explore in this
section the relationship befween the time-domain
seismic amplitude 2 {t ) and X (w}.
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The mantle waves used for the measurement of M,
are strongly (and inversely) dispersed hetween 40 and
about 300 s, and a typical Rayleigh selsmogram (once
the higher frequencies have been filtered out) can be
approximated by a succession of shusoid arches (or
kalf-pericds) of increasing pericds and  generally
decreasing amplitudes. The spectral amplitude of a sig-
nal = (¢} consisting of & single, complete period of a
sinusoid of angular frequency wy, and zero-to-penk
amplitude a4 can be written, in the vicinity of w == wg
(9)

1 ST .
X{w)= 5 o Ty Smc{—Q—(wo - w}T o}

(we have simply neglected a term substantial only for
negative w). If the dispersion of the signal is strong,
i.e., if the approximate period of each oscillation of the
signal is sufficiently distant from the previous one, the
spectrum of each arch should not be affected too much
by the side lobes of the other sinc functions, and

Although this approximation is extremely crude, it
works surprisingly well, as demonstrated by the exam-
ple cn Figure 2a: we consider a synthetic time series
consisting of 5 arches of periods ranging between 40
and 200 seconds and with amplitudes decreasing from 1
{0 0.45 cm. Figure 25 shows the spectrum of this signal
(solid curve} and compares it to measurements made in
the time domain using (10). The deviation between the
two methods is only -0.0540.08 units of magnitude.
This result, also upheld experimentally by the dataset
in Paper 2, gives some theoretical basis to the 50-yr old
practice of using time-domain measurements in the
computation of setsmic magnitudes.

The above remark leads to the following formulse for
direct measurement of M,, in the time domain:

My, = lOglO((i Y) + Cp + O - 1.20
(Bat spectrum),
M, =15 [log, ag+ Cs + Cp | + 3.8 (Lib)

(1ia)

{r, ~ MJ/* sealing), and
Mm B l()glo ag + GS + CD + 0.84 {11C)

{constant 7, ).
Why ¢ Variable Period ¢

Finally, we justify the concept of using a variable
period to determine A, . It would seem a prior more
rational to use a constant pericd for easier reference;
this is indeed common praclice for other magnitude

SPECTRAL AMPLITUDE
1.8 . ;
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Fig. 2. Approximation to Rayleigh wavetrain made of five sinusoid arches of decreasing Irequen-
cies and amplitudes. Left: Time series. Right: Spectral domain; the solid symbols are obtained
from Eqn. {9), the solid line from a rigorous FFT,
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Fig. 3. Azimuthal radiation patterns of the spectral
amplitude X for various periods, in the geometry
¢g==13"; §=71"; A =36". Note disappearance of
secondary nodes ab higher Irequencies.

scales, However, we want to guard agalnst the possibil-
ity of a station sitting in a node of Rayleigh wave radi-
ation at a particular period. Obviously, in the case of a
“pure” geometry such as a strike-slip earthquake on a
vertical fault, the azimuth of the nodes are frequency-
independent; however, as shown on Figure 3, the shape
of radiation patterns can be extremely dependent on
frequency for foeal geomstries invelving non-vertical
fauits and/or oblique slip. A change of reference period
can literally move the station out the node. Similarly,
source finiteness can result in strong spectral holes
beyoud the corner frequency. By compubing A, at
various periods, and retaining its maximum value, one
can hope to eliminate such problems, and more pre-
cisely estimate the earthquake's moment.

Conclusion

We have shown that surface wave theory predicts the
simple Eqgn. (5) relating A, as defined by Eqn. (1) and
the spectral amplitude of a low-frequency Rayleigh
wave. We have obtained expressions of the necessary
corrections Cp and Cg. We also discuss the possible
influence of cornered spectra on suchk measurements,
which would lead to Eqns. (7) or (8). Furthermore, we
have shown that the common measurement of magni-
tudes in the time domain can be justified, at least for
very-low frequencies. The present paper thus sets the
stage for routine and automaiic measurements of M, ;
we show in Paper 2 that Eqns. {5) and (11a), give an
excellent fit to a variety of datasets,
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