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¢ Measurements for Phase X Overtones

EMILE A. OkAL! and Bong-Gon Jo-2?

Abstract —Linear stacking procedures are nsed to retrieve the attenuation of 91 modes belonging to
the 3rd, 4th and 5th Rayleigh overtones branches in the 80160 s period range, and contributing to the
so-called “Phase X wave group. Our data show in general slightly less atfenuation than expected from
available models. Pata space inversion shows that, when combined with previously measured fundamen-
tal mode (s, this new dataset improves resolution significantly in the 10002000 km depth range. Based
on this remark, we carry out a number of parameter space inversions. Our results suggest a narrow
(80-200 km) zone of high attenuation {{J, =75-90), low attenuation in the intermediate mantle
(6701500 km): (@, = 350), and lower values in the deeper mantle (Q, = 200}.

Key words: Mantle attenuation, spheroidal overtones.

L. Introduction

Our understanding of anelastic attenuation in the deeper parts of the earth
(obtained principally from amplitude measurements on seismograms) has not
reached a level of precision comparable to the picture we now have of these regions’
elastic properties (obtained mostly from travel-time and dispersion information,
and including some insight into their lateral variations). This is not surprising since
the dispersion information in a seismogram is usually based on an inherent concept
of extremal travel-time, and is therefore a robust observable, remaining to a large
extent unaffected by such possible unknowns as precise source characteristics, exact
instrument response, scattering, mode conversion {(e.g., Love to Rayleigh), receiver
crustal structure, and even to a certain extent multipathing, while on the other
hand, all these factors affect crucially the amplitude measured on the resulting
seismogram.
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Most available (0 models have little if any resolution in the deeper mantle. The
early multi-layered models of ANDERSON and HART (1978) were clearly over-
parameterized, at the cost of instability, NakaNisH1 (1981) solved for about 12
layers of O, in the mantle, but indicated that his dataset lacked resolution in the
deeper mantle. Using data space inversion, STEIN et al. (1981) concluded that their
dataset has practically no resolution below 1500 km. More recent models, such as
MasTERS and GILBERT’s {1983) provided some insight into the attenuation of the
lowermost mantle and inner core, but had little resolution in the intermediate
mantle. Finally, in presenting their Preliminary Reference Earth Model [PREM],
DziEwoNsKI and ANDERSON (1981) emphasized that theirs was a rough model,
whose stated primary goal was only to provide a satisfactory way of accounting for
the influence of dissipation on dispersion (KXANAMORI and ANDERSON, 1977).

Among the various models discussed by SaiLor and DZIEWONSKI (1978), we
retain Model “QKB,” which features only two layers in the mantie, but has a finite
O in the upper mantle (low-velocity zone) and inner core. These authors deter-
mined that the resolution of their data was insufficient to warrant any finer layering
of the planet.

One of the reasons for the lack of resolution of the above studies in the
intermediate mantle, is that most of them strongly emphasized fundamental normal
modes, due in large part to their preponderance in the seismic signal. Because the
resolving kernels of the fundamentals are basically similar to each other, increasing
the dataset results in only marginal improvement of the resolution. On the other
hand, surface wave overtones are characterized by eigenfunctions, and therefore
resolving kernels, whose shapes differ significantly from those of their fundamental
counterparts of comparable periods. The measurement of their attenuation is
expected to substantially improve our resolving power for intrinsic attenuation in
the mantle.

Specific studies of overtone attenuation have included DRATLER et el (1971),
SMITH (1972) and Nowroozi (1974), who measured some overtone @ values
applying the time rate decay method. RouLt (1974, 1975) and JoBeRT and ROULT
(1976) applied a time variable filtering technique to isolate individual overtone
branches before measuring their attenuation; this method, however, cannot be
applied when overtone branches intersect in the frequency-group velocity plane.

Prominent among mantle overtones in the 80-150s period range are the
so-calied “Phase X modes, observed principally on the radial “away-from-the-
source” components of seismograms. They were first recognized (and the name
Phase X coined) by JOBERT et al. (1977), and identified by JOBERT (1978) as due to
a superposition of the third, fourth and fifth higher Rayleigh modes 3 R, 4R, and 5 R,
traveiling at the same group velocity (=6 km/s) in this frequency range. In a series
of previous studies (OKAL and Jo, 1985, 1987 (hereafter Papers 1 and 2)), we
discussed stacking methods allowing separation of the branches, and presented
extensive dispersion datasets for the three branches. More recently, TANIMOTO
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{1987) has inverted substantial Phase X datasets to obtain refined models of shear
wave lateral heterogeneity inside the earth. In the present study, we obtain
measurements for approximately 100 modes belonging to the Phase X branches, and
conduct a preliminary inversion of the dataset, augmented by a set of fundamental
modes. We refer to Papers | and 2 for a description of the general properties of
Phase X. In particular, we use the notation ,Z, to denote a mode of angular order
{ belonging to the physically continuous p-th overtone branch; because of the
presence of a branch of Stoneley modes, the conventional nomenclature for such a
mode could be S, with cither # =p or n =p + 1 (OKAL, 1978). We occasionally
keep the notation 8, when n =p.

2. @ Measurements

2.1, Methodology

o The Choice of a Method. Our purpose is to retrieve the temporal attenuation
¢ of the modes composing Phase X¥. Among the many methods which have been
used to retricve the attenuation of surface waves or normal modes, we refain the
measurement of the width of a spectral peak first used by NEss er al. (1961). It
consists of modeling the spectral amplitude of an attenuated normal mode of
angular frequency o, as:
] I 1

, =t -

!05 — oy —w)  a+ilo+w)

|4()] = Ay (hH

where @ = ,/22. In practice, and given a Fourier spectrum in the vicinity of wy,
the best-fitting parameters A,, w,, and « are easily obtained by using a trial and
error algorithm due to SalLor and Dziewowski (1978), which minimizes the

root-mean-squares misfit
A g 2\12
(Z i:tn( observed ) } ) , (2)
i Acompuzed i

summed over frequencies ,, and where Aomputed 18 given by (1)

We also considered other methods, including the time-domain amplitude decay
of a narrow-bandpass filtered record (ALsorer af., 1961; SteIN and Nunp, 1981);
the analytical continuation of seiuinic spectra (BurLanD and GILBERT, 1978); the
complex demodulation method (HANSEN and Bovrr, 1980); and the use of spectral
line amplitudes as a relative measurement of @ factors (MASTERS anG GILBERT,
1981, 1983). In a previous study (Oxar, 1980; Oxal and STEIN, 1981), we tested
the equivalence and performance of these various methods, and concluded that their
results were consistent within 5%. Thus, we selected the first method (fitting a
lineshape in the frequency domain); most other methods involve extensive computa-
tion, since they require Fourier transforming every time a bandpass filter is applied
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(time-domain measurements), or for each value of the trial parameters (analytical
continuation or complex demodulation).

& Stacking. Because of the crossover in group velocity between the various
branches making up Phase X, it is impossible to isolate records belonging to a single
branch at a given station. In addition, and as we will see a posieriori, the {0 values
of the various branches are themselves close to each other, so that several branches
with directly comparable complex cigenfrequencies arrive at similar group times in
the seismograms. In this respect, a technigue such as FUKAO and SuDa’s (1987),
which allows separation of modes with similar frequencies but different O values,
would not work in the case of Phase X.

Consequently, some form of stacking is mandatory for the retrieval of the
attenuation properties of Phase X branches. We follow the general approach of
Paper 2, but of course restrict ourselves (o linear stacking in order to preserve the
amplitude information in the seismograms.

Specifically, and when targeting a particular mode ,Z,(p=3,4 or 5), we
compute its excitation along the horizontal, away from the source, component
dP? dFP} dPE:}

L= [KGSR — — Kgr— -+ KZ_PR}E

dl )

at each station j, and form the scalar product Z_, E¥*a;(w) (where g, is the spectral
amplitude at the j-th station, and J the total number of stations), in the vicinity of
w = ,,;; the notations are those of KANAMORI and Cipar {1974). This stacking
technique was introduced by MENDIGUREN {1973) and DzigwoONskI and GILBERT
(1973).

o Correction for Systematic Bias. As in the case of dispersion, ellipticity and
lateral heterogeneity (and, to an extent negligible in the frequency range considered,
earth rotation), combine to affect measurements of the attenuation of mantle
overtones taken from stacked spectra. In gemeral, the presence of the various
singlets, and destructive interference between them, leads to artificially low values of
0. The guantification of this systematic bias has been studied by DAHLEN (1979)
from a theoretical standpoint, and SLEEP ef al. (1981) from a statistical one. If w is
the total width of the multiplet in the angular frequency domain, Dahlen has shown
that the apparent value «,,, of true decay constant o, = w,/20, must satisfy:

Ay 5 aapp = a{}[l + W2/49!S}, (4)
so that the bias in @ can be bracketed as

W2Q2
app = Qi} = QappI:I + —Z—J (5)
try
where the terms neglected are fourth order in (w@/w,).
In order to assess the possible bias in our measurements, we need to estimate the

width w of the multiplet, due to earth rotation, ellipticity and structural lateral
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heterogeneity. The computation of rotation and ellipticity parameters for the Phase
X modes, as well as results regarding heterogeneity on fundamental modes (SILVER
and JORDAN, 1981; SLEEP er al., 1981), and our own results on overtones from
Paper 2 and Jo (1986), all suggest that an upper bound to the width for the modes
making up Phase X is:

Wiy =2 x 1073 (6)

We will see that typical values of overtone ¢’s are on the order of 250. As a result,
the maximum bias predicted for this method is an overestimation of the attenuation
(or underestimation of Q) by about 25%. As a consequence, we correct the results
by adding an average bias of 12% to measured ¢ values. In addition, we assign a
systematic uncertainty of 4 12% to all measurements.

o Estimation of Precision. Direct estimation of further uncertainties inherent in
a stacking method is practically impossible. MENDIGUREN (1973) proposed to use
subsets of stations, and to estimate the uncertainty in the results from a measure of
the possibie scatter of results when using different subsets. This technique, which
works well when the number of stations is large (he was using up to 84), clearly
cannot be applied to our case, where we deal with at most 12 stations. A measure
of the scatter resulting from a possibly different sampling of the earth by rays
emanating from different earthquakes can be used to estimate further the precision
of the method. For each mode, our dataset is Hmited to a typical average of 3
evenis. The scatter in their results is on the order of a few percent. Qur final
standard deviation is the value of 12% described above, plus any scatter between
results from different events.

[n applying the amplitude matching technigues to the data, we made iterations
for 30 trial values of a and of the resonant frequency a,, centered around their
theoretical values for PREM.

2.2 Test Runs

In order to assess the validity of the method, and especially of the corrections
used to counter the systematic bias due to ellipticity and heterogeneity, we per-
formed a series of test runs of this method on synthetic data involving fundamental
modes. Table 1 and Figure | summarize this experiment. '

Specifically, we synthetize the spectra of 10 seismograms in the 150500 s period
range for a geometry representative of our Phase X experiments. Qur first synthetics
use the spherically symmetric PREM model. We use a realistic geometry, involving
the epicenter of Event 2 (see Table 2) and 10 GDSN stations: ANMO, COL,
CHTO, GRFO, MAIO, MAJO, NWAO, 8IG, SUR, Z0OBO. This geometry and the
number of stations were chosen to randomize as much as possible the distances and
azimuths to the stations, while keeping the test representative of our Phase X
dataset. In this experiment, we target three modes (,8,;, T =473.31s; S,
T=26841s; and (S5, T = 155.24 5), covering the ranges of both frequency and
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Examples of the determination of mode Q’s by fitting a resonance curve (dashes) to the stacked spectral
line {stars). Numbers at left are periods for discretized FFT frequencies. In this case, we are testing a
stack of ten synthetic spectra, computed for a spherica] earth {see text and Table 1 for details).
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Same as Figure la for a stack of ten synthetic spectra, computed with the effect of ellipticity and
heterogeneily; note systematic low bias in the values of Q retrieved by this procedurs.
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Tabie 1

Results of stacking tests on fundamental modes

Mode o813 0520 0 S%g
Original Values Used in Synthetics

Period (s) 473.31 268.41 155.24

o 308 188 136
Stacked Values (Radiaily Symmeiric Model)

Qoop 308 187 129
Stacked Values (Model M84 with Ellipticity}

Capp 274 172 114

Deviation Qoop - | 12.4% 9.3% 19.3%

Do
W’ZQZ
— 26% 20% 23%
w§

wavelength of the Phase X experiments. We then stack the records according to
equation (3), and obtain the estimate (Q,,,) by best-fitting equation (1) to the
spectrum. The conclusion of this experiment is that for a spherically symmetric
earth, stacking is a legitimate method for retrieving Q.

We then proceed to build new synthetics, including ellipticity and lateral
heterogeneity corrections according to WoODHOUSE and DzIEWONSKI's (1984)
Model M84, and following the formalism outlined by these authors and DAHLEN
{1975). We then proceed to stacking and fitting the resonance curve, as if the earth
were spherically symmetric. Table 1 clearly shows that the resulting values of e
are systemically too low, by an amount ranging from 10 to 20%.

We then compare this bias to the predictions of DAHLEN {1979) by computing
the width w of the mode, which we define as the maximum interval @; — w, of the
apparent angular frequencies at two stations { and j in our “synthetic” set. In all
cases, we verify that DAHLEN (1979) gives an accurate estimate of the systematic
bias introduced by ellipticity and lateral heterogeneity; a correction of the type
proposed in Section 2.1 above would in all cases result in an acceptable bracket for
the true value Q. In conclusion, these test runs justify the corrections described in
Section 2.1.

The effect of the winnowing and tapering necessary to suppress the fundamental
and extract the overtones (see Paper 2) was also investigated. It can displace the
value of @, by a maximum amount of 2%, negligible in view of the larger
uncertainties described above.
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Figure 2
Examples of the determination of mode Qs by fitting a resonance curve {dashes) to the stacked spectral
line {stars). The resulting values of the center period, and ¢ are given for each diagram.
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Table 3a

341

Q data for spheroidal normal modes of the third overtone branch X, contributing to the X phase

ATTENUATION FACTOR ¢

Measuared Mean
Angular Compuied
Order {Events) Q. Q! I e

! [ 2 3 4 5 (4] corrected  {x 100) (x100y PREM
25 269.8 269.8 302.2 (.3309  6.0397 258.9
26 263.4 263.4 295.0 (.3390  0.0407 258.4
27 2632 2780 270.4 3028 0.3302  0.0539 2578
28 27172 2595 268.1 300.2 0.3331 0.0574 257.1
29 2604 2377 2327 2430 2722 03674 0.0683 2559
36 2549 230 2840 2548 2853 03504 0.0825 254.5
31y 2298 2348 232.1 260.0 0.3847  0.0531 2529
32 2359 2589 2358 2498 2797 0.3575  0.0634 251.1
13 2437 2116 2481 2333 261.3 0.3827  0.0841 249.0
15 2476 2426 24390 2447 274.0 0.3649  0.0481 244.3
36 2487 2355 2112 2316 2309 2587 03866 0.0762 2417
37 2160 2322 2520 2325 260.4 0.3841 0.0792 239.1
38 2262 2454 2486 2455 2411 270.0 03704 0.0628 236.3
39 2451 2451 2745 0.3643 0.0437 2334
40 2362 23449 2321 259.9 0.3847  0.0512 230.6
41 218.1 2228 19907 2263 2135 239.1 04182 0.0881 227.7
42 2220 2144 1912 2213 Z2ii4 236.8 0.4223 0.0848 2250
43 2106 2094 2126 2108 236.2 04234 0.0544 2222
44 079 2075 1959 2141  266.] 230.9 0.4331 007062 2i19.6
45 2127 199.7 206.0 230.7 0.4334  0.0737 2i7.0
46 2026 2026 2269 0.4407  £.0529 2i4.6
47 1938 2114 202.2 226.5 0.4415  0.0834 212.1
48 217 2217 248.3 0.4027  $.0483 209.6
49 2274 198.4  211.9 2373 0.4213 8.0960 206.9
50 214.7 20603 207.3 2321 (.4308 0.0754 205.2
51 1998 1975 2193 205.1 229.7 0.4354  0.0798 203.5
52 2014 2014 225.6 0.4433 0.0532 2019
53 188.7 188.7 2113 0.4732  0.0568 200.3
54 199.3 199.3 2232 0.4480  0.0538 1982
85 176.3 176.3 197.5 09.5064  0.0608 196.9
56 196.1 2033 1996 223.6 0.4472  0.0664 1657
57 190.8 190.8 2137 04680  0.0562 194.5
58 179.8 186.2 182.9 204.9 0.4880  0.0721 193.4
59 184.1 192.2 i74.0 183.1 205.1 0.4876  0.0858 192.4
60 182.8 182.8 204.7 0.4884  0.0586 191.4
6l 183.9 183.9 206.0 0.4855 0.0583 190.6
62 t60.6 160.6 179.9 0.5566  0.0667 189.3
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2.3 Dataset

The dataset in this study is a subset of the GDSN long-period records used for
the dispersion investigation in Paper 2. Table 2 lists epicentral and focal mechanism
parameters of earthquakes used in the present study. Since we do not have access
to the enhanced resclution of the nonlinear stacking, the number of usable data for
the present study is smaller than that of eigenperiods identified in Paper 2.

in practice, we use a number of stations J varying from 8 to 12, with records of
20 hr duration. We eliminate most of the fundamental mode signal by winnowing

Table 3b
£ data for spheroidal sormal modes of the fourth overtone branch L%, contributing to the X phase

ATTENUATION FACTOR ¢

Measured Mean
Anguiar Computed
Order {Events) 0. Q! ) e

! I 2 3 4 5 o corrected (< 10 (x100) PREM
20 2523 3043 275.9 309.0 0.3237 0.0867 279.1
2 3064 306.1 3428 0.2917 0.0350 275.%
24 2671 267.1 269.2 0.3343 0.0401 2659
25 2674 2541 260.6 291.9 0.3426 0.0550 263.0
27 27153 2753 308.3 0.3243 0.0389 257.0
28 232.5 2325 260.4 0.3840 0.0461 254.0
29 270.2 2379 2530 283.4 (.3529 0.0779 2580
30 2574 2548 233.0 2479 2717 (.3602 0.0657 248.1
31 250.1 2484 249.2 279.2 6.3582 0.0449 2453
32 2392 2431 2402 240.8 2697 0.3708 6.0480 2430
33 2391 2383 2256 2390 2354 263.6 0.3794 0.0578 240.5
35 237.8 2306 2104 225.7 2527 0.3957 0.0761 236.9
30 2283 2311 2261 253.2 (.3949 0.0609 2355
38 2290 2220 2234 2248 251.7 0.3972 0.0549 234.2
39 2169 2308 2344 2271 2544 0.393] 0.0654 234.3
40 2275 2276 2296 228.2 2556 0.3912 0.0492 234.1
4] 2263 2202 2355 2172 254.4 .3931 0.0620 2339
42 2235 2129 2184 2442 0.4094 0.0649 2335
43 239.8 2208 1796 2206 2128 238.3 0.4196 01107 2347
44 2153 2287 2357 2262 253.4 0.3946 0.0879 234.3
47 2125 2085 . 210.5 235.7 0.4242 0.0573 236.4
48 2244 2049 2142 2399 0.4168 0.0800 237.6
49 2297 234.4 232.0 2399 0.3848 0.0523 236.5
st 2228 2283 2255 2526 0.,3959 0.0552 238.6
52 2034 1928 198.0 221.7 0.4510 0.0732 236.6
53 216.2 2036 206.8 2347 04317 0.0627 2374
54 2285 2187 2235 250.3 .3995 0.0618 238.0
55 2128 2128 238.3 6.4196 (.0503 234.7
56 2650 205.0 229.6 0.4355 4.0523 2351

57 2210 221.0 247.5 0.4040 00485 234.1
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the times series, and keeping only sections corresponding to group arrival velocities
between 5.6 and 6.9 km/s for each subsequent passage; while the g-th passage of the
fundamental Rayleigh wave ((R,) may occasionally remain in the winnowed
seismogram for one station, ifs absence both for subsequent passages (R,, and at
other stations, effectively kilis the corresponding normal modes from the stacked
spectrum.

In Figure 2 we give some examples of the determination of O values by matching
stacked spectral amplitude curves (stars) and computed resonance curves {bars).

2.4 Results

Globally, we obtained 201 measurements of mode @'s, concerning 91 modes
belonging to the 3 branches contributing to Phase X R, 4R, and ;R. The resulting
{ values are lisied in Table 3, and plotted on Figure 3 together with predicted

Table 3¢
@ data for spheroidal normal modes of the fifth overtone branch X, contributing to the X phase

ATTEMNUATION FACTOR @

Measured Mean
Angular Computed
Order (Events) Q. ot I e

i i 2 3 4 5 Q corrected  (x 100} (x100) PREM
23 2803 2878 284.0 3ig.1 03144 (.0443 294.4
24 270.2 2639 267.0 299.1 0.3344  0.0464 284.8
25 259.8 26068 2633 2948 (0.3392  0.0478 276.1
27 2656 27120 266.7 268.1 300.2 0.3331  0.0447 263.4
28 259.1 2624 260.7 262.0 03424 0.0445 259.2
31 2457 2577 27101 2574 288.3 0.3468  0.00600 252.1
32 2498 2497 260.6 2200 2440 2733 (13659 0.0748 250.5
36 2369 2493 2429 272.1 ¢.3675  0.0589 249.2
37 2353 2439 239.5 268.3 0.3728  0.0553 248.4
38 2237 2285 226.1 2532 0.3949  0.0540 2471.5
39 2246 2326 2519 2043 2271 2543 (.3932  0.0856 246.0
40 234.2 2342 262.3 03812 0.0457 246.5
41 2i4.4 2259 2196 2459 0.4066  0.0643 244.4
42 2259 2259 2536 03952 0.0474 2447
43 219.9 2101 2149 2407 0.4155  0.0649 242.0
44 2204 2331 2000 2170 243.0 0.4115  0.0854 242.1
45 2066 2345 2299 2230 249.7 0.4004 00791 238.6
46 2155 2477 2286 2299 257.4 0.3885  0.0768 238.5
47 220.1 2087 237177 2285 248 % 04030 0.0777 234.5
48 2299 2299 257.5 0.3884  0.0466 2344
49 2104 2137 2398 2017 215.5 241.4 04143 0.0832 2344
50 2155 2346 2240 2206 2235 250.3 0.3996  0.0639 230.3
51 196.3 196.3 2199 0.4548  0.0546 2304

52 209.7 209.7 2349 0.4238  0.0511 230,35
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Individual measurements (with error bars) of the attenuation of normal modes from the . R, (R and ;R
branches, as compared to values predicted from models PREM {light trace) and QKB {thick trace).
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values obtained from two published models: PREM (DzigwonNskl and ANDERSON,
1981) and QKB (SaiLor and Dziewonskl, 1978). In general, and considering the
error bars, our values fall within the range of those two models. ;R and ;R tend to
fit QKB better at lower angular numbers, and PREM better at higher frequency; 4R
is in general better fit by PREM than by QKB.

3. Inversion

Our goal in the present study is {0 use our measured overtone £'s in an attempt
to increase the resolution of the dataset. We use an enlarged dataset consisting of
the above values of overtone Q’s, and of a sampling of 38 fundamental spheroidal
@ values used by STEIN et al. (1981), and originally obtained by SAILOR and
DziewoNsKe (1978), STEIN and GELLER (1978), MiLis and Haiss (1977, 1978),
GeLLER and STEN (1979), and STEIN and Numw (1981).

3.1 Methods

We refer to SAILOR and DzIEwoNSKI (1978) for a clear and concise description
of the problems arising in attempting an inversion for the structural @, and J, due
to our generally poor knowledge of even their gross variation inside the earth, and
for a review of the general formalisms of data space and parameter space inversions.
We will follow these authors’ approach in using, in a first stop, data space inversion
to define the resolution of our dataset, and then utilize the latter results to optimize
our parameterization in order to proceed with parameter space inversions.

The two inversion procedures have been described in detail by BAckus and
GILBERT {1967), Wiaains (1972), and Axi and RicHARDS (1980). Fundamentally,
parameter space inversion works well for an overdetermined problem, whereas data
space inversion will address the problem of an underdetermined problem. For a
given dataset, parameter space inversion will work well if the parameterization is
coarse enough, and accurate {e.g., in the case of a layered model of the earth, if the
layer discontinuities are distributed properly); data space inversion will avoid the
problem of artificial parameter discontinuities due to layering, but will lack the
capacity of targeting the influence of specific parameters, such as a finite Q¢! in the
low-velocity zone.

Our specific computer codes were derived from WiGGIns (1976) in the case of
parameter space inversion, and from STEIN ez af. (1981} for data space inversion.
The latter uses various techniques due to Backus and GILBerT {1968}, and
GILBERT {1971).

e Data Space Inversion. In using this procedure, we follow GILBERT's (1971)
method of “ranking and winnowing” the dataset, which basically consists of
expanding the data onto a set of information vectors orthogonal to each other, and
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featuring decreasing importance and resolution power. Specifically, the problem is
to find a distribution of structural @, (hereafter abbreviated as Q) throughout the
earth, fitting, in some optimal sense, the various mode Q’s:

0" = j G000, (7
i

where the index j refers to a particular mode, and the kernels G, are readily obtained
from the familiar mode partials. The Q' distribution is sought through its
deviation from some starting model

60y =3 v (), (8)
where the [7s are the so-called transformed kernels
L) =), TG, (9)
J

obtained from the G’s by diagonalizing the matrix A4, of the cross-products
{G,G, dr, after weighting it by the respective standard deviations, and ranked in
decreasing order of the amplitude of the eigenvalues of 4. Under the condition that
the resulting model depart as little as possible from the starting model,

}‘ [6Q Y] dr minimum or Y, v} minimum, (10)
& i
the coefficients v, in (8) are simply found as the minimum values of the transformed
attenuation data, taking into account the uncertaintics o,

) ()

v, = min(
where ¢, is the sign of the product 7,6Q; ' (no sum),

o Parameter Space Inversion. The parameter space inversion used here is a
variation of the well-known least-squares procedure, taking into account the
variance of the data, and some estimate of the maximum variance acceptable in the
paratneter space, as discussed by WiGGIns (1972),

Specifically, given a dataset of misfits 6Q;* + o, for each mode j, making up a
data vector o€, and a predetermined number of layers m, we seek corrections to the
structural @’s in each layer, @', making up a parameter space vector dp. We
weight the data according to their variance, and the parameters according to the
thickness of the various layers, thus replacing the model matrix M by a transformed
matrix

El

2 Tl007 " + cy0]
7

Z Tyl00, ! — €50/
J

A =S8"MW? (12)

where 8 is the variance matrix of the data, and W is a diagonal m x m matrix made
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up of the inverse thicknesses of the individual layers. We then use singular value
decomposition (LANCZOS, 1961) to write the matrix A as

A=UAV* (13)

where A is a square matrix, whose dimension is the rank & of the matrix A. In real
life, and given noisy data, the rank of a matrix can only be estimated by the ad hoc
procedure of examining the influence of variations in k on the stability of the
problem. Typically, we have been solving for about 7 layers in the solid earth, and
have considered 3 or 4 eigenvalues, i.e, k=3 or 4.

The solution is then obtained as:

dp=WUIVATIUTS 54 (14)

or Sp=W!"?Vdp*, where the dp* are the independent transformed parameters.
Their variance is obtained by:

X*=A "USUTA ! (15)

where S is the variance matrix of the data.

3.2 Starting Models

Both the data space and parameter space inversion methods require a starting
model, which allows our data to be expressed as deviations, or misfits. In addition
to the available models PREM (Dziewonskl and ANDERSON, 1981) and QKB
(SAILoR and DZIEwWONSKI, 1978), we also use a model of constant ¢ [QCST]
throughout the solid earth (crust, mantie and inner core), with no bulk attenuation
O ! anywhere in the earth, The purpose of QCST as a starting model is primarily
to study the depth resolution of our dataset by data space inversion, without
introducing any a priori bias on the location of possible discontinuities. The
homogeneous value of Q, in the crust and mantle is taken as 200, a value
representative of the order of magnitude of the ¢ of the body waves Sc§,
{Nakanssi, 1979; SipkiN and JorpAaN, 1980). Model QCST is also included in
Table 4. Parameter space inversions are carried out with either of the three starting
models.

3.3 Resulis

e Data Space Inversion. Our first inversion experiments consisted of data space
inversion runs using QCST as a starting model, The data set consisted of both
fundamental modes and overtones. Figure 4 compares the transformed kernels of
the first (largest) eigenvalue for a dataset consisting exclusively of the 38 fundamen-
tals, and for the full dataset. It is clear that the overtones give enhanced resolation
in the lower mantie, between depths of 1000 and 2000 km, where the transformed
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Table 4

Srarting @ models used in the mversions

Layer

Depth Range

Nature (km) {km) . p
PREM (Drziewonskl and ANDERSON, [981)
QOcean 1] 3 O 57822
Crust and Lid 3 80 600 57822
LVZ 80 220 80 57822
Transition zone 220 670 143 57822
Lower Mantle 670 2891 312 57822
Outer Core 2891 5149.5 o 57822
Inner Core 5149.5 6371 85 1328
QKB (SamLor and Dzigwonsk, 1978)
Crust and Lid 0 80 115 o0
Upper Mantle 80 670 115 742
Lower Mantle 670 2885 395 o0
Outer Core 2885 5154 o o
Inner Core 5154 6371 o0 122
QCST (Constant @, in solid earth}

Ocean 1] 3 o0 o
Crust and Mantle 3 2891 200 @0
Cuter Core 2891 5149.5 [5's) o
Inner Core 5149.5 6371 200 %0

kernels for fundamentals only remain basically zero. The subsequent eigenvalues of
the full problem do not provide significant improvement in the resolution.

The general solution achieved by the data space inversion for the full dataset
features lower attenuation than observed for the fundamentals, a generally excellent
fit of the branch X, a very good fit of ,I, except at the longest periods, and an
acceptable fit of I, below 1205 (see Figure 5). At these longer periods, the third
and fourth branch have measured attenuation values smaller than predicted by the
resulting model.

When comparing the Q model resulting from data inversion for the fundamen-
tals on one hand (this is the final model of STEIN ef «/. (1981) and the whole dataset
on the other, one notes fundamentally a considerable reduction of the low-0 zone
in the upper mantie to the classical “seismic asthenosphere™ (say 80—200 km), and
the smearing out from 500 to 2000 km of the high-Q zone in the intermediate
mantle. .

These observations, and the shape of the transformed kernels will define the
directions of attack for the parameter space inversion experiments: first, it is clear
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Transformed resolving kernels obtained in the data space inversion. Top: Fundamentals only. Bortom:
Full dataset of fundamentals and overtones.

(although unfortunate) that no information can be obtained from the present
dataset on the nature of the attenuation properties of the deepest parts of the
mantle. Such regions as D" will have to be investigated separately. We will not in
this respect attempl {o layer the mantle below 2000 km.

o Parameter Space Inversion. In this section, we attempt to obtain better fits to
the complete dataset of fundamental and overtone Q's by letting some of the
parameters of the models PREM and QKB vary, while constraining the general
features of these models, We are guided in these efforts by our results from the data
space inversion above.

We first attempt to refine the values of the shear attenuation @' of model
PREM, withoul changing its layering, as given in Table 4. We use as a starting
modet either PREM, or QUCST. We constrain € in the crust and lid (above 80 km)
to its PREM value (@, = 600), and solve for @, in the above three layers. (The
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dataset}; the horizontal line is the starting model, the thin lines the subsequest iterations, and the thick

trace the final model. Right: Observed and computed Q' for the various branches. In all cases, the
thicker line corresponds to the final solution.

reason for not solving for the crustal @ is the lack of resolution of the dataset in this
area, and the expected lateral variability of this parameter; as a result, and in the
case of QUST, we are actually using a two-layered starting model.) The inversion
converges fast (in four iterations to 4 significant digits in the root-means-squares
residual) to the model PAR1, shown on Figure 6 and Table 5, featuring a slight
increase in the deeper mantle (Q, =358) and a 10% decrease in g, in the
asthenosphere (@, = 72). The final models derived from starting models QCST and
PREM are equivalent. The inclusion of the slight amount of bulk attenuation in
PREM (@4 = 57822) has of course no effect on the final model. PAR] fits the whole
dataset extremely well, with the exception of the gravest fundamental modes (,5,,
[ = 2-5). Table 5 also gives the absolute value of the mean and standard deviation



Vol. 132, 1990 { Measurements for Phase X Overtones 351

1000 g ] . , ; E B ' T
560 R
Model PARY
800 | -
400 |-
E;{:}U L. 380
2 o e
o
400 - ~ : . : :
100 180 158 155
L PERIOD (s}
on
200 - .
h ! 800 - 4 R
i 1 i i ] I 400+
3500 4000 4500 G0ODOD BROC BOGD o ;
RADIUS (km) I Iy
200 ¥
ﬁa@ §éU E';G
PERICD (m!
[=fus] T 600 — T T T oy
00 538 sR

400

3392

: ) . ) )
1000 2004 3660 — o : :

ad 163

& i 126 134
PERIE [s}

PERION (st

Figure 6
Results of parameter space inversion for Model PARL. Top Left: Q, as a function of radius. The thin
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for the relative misfits {Q ohpuea/Q observea — 1], as well as the computed value of
Q. for the various models. '

Driven by our observation (see data space inversion above) of the contribution
of the overtone @’'s to enhanced resolution in the 1000-2000 km depth range, we
then decided to increase the layering in the deeper mantle. Specifically, we now use
a 6-layer solid earth, with boundaries at 500, 1000 and 2000 km depth. The resulting
models abtained with QCST or PREM as starting models (PARZC and PAR2P,
respectively), are shown on Figure 7 and in Table 5. The standard deviation is
significantly improved from the PAR1 model, as is the fit to the fundamentals. Note
that the inversion is unable to resolve the deepest layer, and thus leaves ifs
attenuation unaltered. This results in poorer fits for models using PREM as a
starting model.
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Fable 5

Models inverted with QUST and PREM as starting models

Layer

Depth Range

Nature (km) (km) Q. O
PAR1? Starting Model: QCST or PREM
Ocean 0 3 o 57822
Crust and Lid 3 80 60 57822
LVZ 80 220 72 57822
Transition Zone 220 670 140 57822
Lower Mantic 670 2891 357 571822
Outer Core 2891 5149.5 ed] 57822
Inner Core 5149.5 6371 o€ 1227
Mean residual: 0.027; Standard deviation: 0.102; Qg 254
PAR2C Starting Model: QCST
Qcean v} 3 o0 57822
Crust and Lid 3 80 660 57822
LVZ 80 220 89 57822
Transition Zone 220 300 199 57822
Lower Mantie-! 500 1671 275 57822
Lower Mantle-2 1071 2071 417 57822
Lower Mantle-3 2071 2891 207 57822
Cater Core 2891 5149.5 o 57822
Inner Core 51495 6371 o 1227
Mean residual 0.018; Standard deviation: 0.089; Qg o1 227
PARZP Starting Model: PREM
Qcean 4] 3 o0 57822
Crust and Lid 3 80 G600 57822
LYZ 80 220 81 57822
Transition Zone 220 500 117 57822
Lower Mantle-1 5060 171 373 57822
Lower Mantle-2 1071 2071 373 57822
Lower Mantle-3 2071 2891 309 57822
Quter Core 2891 5149.5 o€ 57822
Inner Core 3149.5 6371 oL 1227
Mean residual: 0.017; Standard deviation: 0.095; Qg .ot 248
PARIC Starting Model: QCST
Ocean 0 3 *X 57822
Crust and Lid 3 80 600 57822
LVZ 80 220 88 57822
Transition Zone 220 670 132 57822
Lower Mantle-1 670 1471 402 57822
Lower Mantle-2 1471 20671 208 §7822
Lower Mantle-3 2071 2891 208 57822
Cuter Core 2891 5149.5 o 1227
inner Core 5149.5 6371 e¢] 1227

Mean residual: 0.019; Standard deviation: 0.081; Qg ¢: 235

PAGEOPH,
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Table § {contd)

Layer

{Depth Range)

Nature {km) (km}) Q. O
PARIP Starting Model: PREM
Ocean 0 3 O 57822
Crust and Lid 3 80 600 57822
LVZ 80 220 84 57822
TFransition Zone 220 670 133 37822
Lower Mantle-1 670 1473 423 57822
Lower Mantle-2 471 2071 337 57822
Lower Mantle-3 2071 2891 312 37822
Guter Core 2891 5149.5 o0 57822
Inner Core 5149.5 6371 e 1227

Mean residual: 0.013; Standard deviation: 0.086; Qg c: 252

The third series of models were obtained by retaining the depth 670 ki as an
imposed layer boundary, and moving the next boundary down to 1500 km {1471 for
purposes of discretization). (The introduction of a relatively thin layer, say 670 to
1000 km would be a quest for resolution to be paid at the price of stability.) The
resulting models, PAR3C, and PAR3P, are described on Figure 8 and in Table 5.
Model PAR3C turned out to be our final preferred model: it achieves the best
standard deviation, and provides a generally good fit to the data. Only three
fundamental spheroidal modes are missed. Tests run with further layering of the
mantle led to instability.

Finally, we conducted a number of experiments with SAILOR and DzIEWONSKT'S
{1978) model QKB as a starting model. In doing so, we incorporated finite bulk
attenuation Q! in the inner core and the upper mantle. We did not attempt to
solve for any value of Qg, but rather to explore the effect of finite Q4 on the
inveried values of Q,. In our first inversion, we keep QK B’s layering (2 layers in the
solid earth), and simply add the crust and lid layer, with a @, of 600. We constrain
{Jx = 742 in the upper mantle layer, and solve for @, in the two mantle layers. This
inversion is unsiabie: while the mean value of the residual is decreased by the
iterations, the standard deviation of the residuals actually increases. This is due to
the fact that the fundamentals are grossly misfit by the model.

By increasing the layering of the mantle to four layers, keeping O, = 742 in the
LVYZ and transition zone, and solving for the four values of 0., the inversion
converges on a second model, QK4L, with a relatively high standard deviation, and
again failing to fit the fundamentals. This model is described in Table 6.
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Same as Figure 6, for Model PAR2C (starting model QCST). The thin lines cerrespond to the
subsequent iterations, with the thick one referring to the final model i all diagrams.

Finally, we explored the possibility of confining the zone of finite Qf to the
seismic asthenosphere, without extending it thronghout the transition zone. In the
last three models studied, we use a four-layer mantle, and constrain {p to values
of 500, 742 (used by SaiLor and Dzigwonskl, 1978 for model QKB), and 1500
inside the LVZ (80-200 km), while solving for the four O, values. Results are
listed in Table 6. The resulting models (QKNR [for “narrow”], QKN2, and
QK N3) give a standard residual comparable to, but not significantly better than
the best PAR models. In conclusion, our dataset cannot resolve the existence of
finite bulk attenuation in the mantle, and we conclude that our best model is
PAR3C.
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Same as Figure 7a for Model PARZP (starting model PREM).

4. Conclusions

While our dataset has limited resolution, especially in the lower mantle, its
resolving kernels are sufficiently different from those obtained when using only
fundamentals {e.g., STEIN et al., 1981) that a number of conclusions can be drawn.
1. In general, models using QCST, rather than PREM, as starting model, provide

a greater variance reduction, in the form of a lesser final value of the standard

deviation. This property can be explained in the following way: while the

parameter space inversion algorithm is at liberty to adapt the shear attenuation
in the decpest layer of the mantle @, the transformed kernels are too small in
this region, and the algorithm changes Q. only insignificantly, so as not to
generate instability in the pursuit of unwarranted resolution. However, models
starting with different values of Q.. can offer different levels of variance
reduction, and their comparison can be used as an argument to resolve this
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1
120

parameter®. In the present case, this suggests a @, around 200, rather than 400,
for the deepest mantle. The resulting values of Qg.s, where the attenuation '
is integrated throughout the crust and mantle, are also in betier agreement with
measured values (NaKANISHE, 1979; SIPKIN and JOrRpAN, 1980) than for models
with Q.. ~ 400 (of course, such a comparison assumes that ¢ is intrinsically
freguency-independent),
2. Our second conclusion regards @, in the mtermediate layers of the mantle (say
below the transition zone), All satisfactory models feature a high @ in this

*There is no contradiction in saying that the formal inversion fails to constrain a parameter, and
obtaining an estimate of the latter through an optimization of the residuals of a series of inversions,
taken with the parameter constrained at a number of values. This procedure is indeed standard praclice
in retrieving hypocentral depth in earthquake location studies when the station coverage is insufficient
[KanamoRrl and MivyAMURA, 1970; Rees and OraL, 19871
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Same as Figure 7a, for Mode! PAR3P (siarting medel PREM).

region, ranging from 350 to 500, regardless of which starting model is used.
This figure is comparable to the minimum in attenuation obtained by STRIN ef
al. (1981), but the overtones’ enhanced resolution show that it extends deeper
than these authors could resolve, to at least 1500 km, and possibly 2000 km
depth.

3. In addition, all models, including those starting with the flat QCST throughout
the mantle, develop strong attenuation (Q, = 75--90} in the seismic astheno-
sphere, This figure is fairly well constrained, and clearly makes the region the
most attenuating layer of the earth. However, the models with an increased
number of layers show that the transition zone has a shightly higher vaiue of
@, = 110-140, indicating a possible difference of temperature, thermodynamic
phase, and/or composition below the “Lehman” discontinuity at 220 km.
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Table 6

Models inverted with finite Q g?

and QKB as a starting model

PAGEOPH,

Layer

Depth Range

MNature (km) {km) o, O
QK2L Starting Model: QCST or PREM
QOcean 0 3 o o0
Crust and Lid 3 80 600 s
LVZ and Transition Zone 80 670 itl 742
Lower Mantle 670 2891 486 [5s!
Outer Core 28591 5149.5 o w0
Inner Core 5149.5 6371 o 1227
Mean residual: 0.048; Standard deviation: 0.125; Qg ¢ 257
QK41 Starting Model: QKB
Ocean ] 3 o] oo
Crust and Lid 3 80 400 w0
LYZ 80 220 89 142
Transition Zone 220 670 140 742
Lower Mantle-} 670 2071 383 =%
Lower Mantle.2 2071 2891 394 o
Outer Core 2891 5149.5 o bl
Inner Core 5149.5 6374 [o's] 1227
Mean residual; 0.031; Standard deviation: 0.092; Qg ¢ 271
QKNR Starting Model: QKB
Ocean 0 3 ) o0
Crust and Lid 3 &0 600 o0
LvZ 80 220 86 742
Transition Zone 220 670 133 oo
Lower Mantle-1 670G 2071 442 oG
Lower Mantle-2 20671 2891 206 o
Outer Core 2891 51495 o o
Ianer Core $i49.5 6371 o0 1227
Mean residual: 0.016; Standard deviation: 0.082; Qg 235
QKN? Starting Model: QKB
Ocean 0 3 o0 o]
Crust and Lid 3 80 6006 o
LVZ ' 80 220 86 400
TFransition Zone 2H) 670 135 0
Lower Mangle-1 670 2071 449 o
Lower Mantle-2 2071 2891 206 o
Outer Core 2891 5149.5 ] o
inner Core 5149.5 6371 e's] 1227

Mean residual: 0.016; Standard deviation: 0.082; 237
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Table 6 (contd.}

Layer

Depth Range

Nature (km} (km) g, O

QKN3 Starting Model; QKB

Ocean 1] 3 e o
Crast and Lié 3 80 600 o0
LVZ 20 220 86 1500
Trasnsition Zone 220 670 132 e
Lower Mantle-1 6§70 2071 438 o0
Lower Mantle-2 2071 2891 206 *
Outer Core 2891 5149.5 o o0
Inner Core 51495 6371 o0 1227

Mean residual: 0.016; Standard deviation; Qg .0 234

4. Finally, our atiempts at improving the fits by introducing bulk attenuation in the
transition zone and/or low-velocity zone, are unrewarding. We must conclude
that the present dataset is not a proper one for addressing this problem.

It should be noticed that in a recent study, DING and GRAND (1987), have used
the amplitudes, travel times and waveforms of multiply reflected 5 phases to
investigate {¥ under MNorth America and the East Pacific. Their results, calling for
0, on the order of 70 in the LVZ, and more than 300 below the transition zone, are
in basic agreement with ours. Since Phase X is a limit to the family of body phases
which these authors use, this agreement is not surprising; it upholds ¢ posteriori our
methodology (including the correction for systematic bias), and confirms that
intrinsic ¢’s are most probably frequency-independent in the period range 20-160 s
separating their study from ours.

In the final conclusion, it is clear that Phase X ¢ wvalues provide some
improvement in the resolving power of our dataset, but these results must still be
considered preliminary. The gathering of a homogencous dataset of overtone {’s
including for torsional modes, and 1st and 2nd order Rayleigh overtones, as well as
for Phase X modes, will be necessary 1o achieve satisfactory resolution of the
attenuation properties of the deep mantle.
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