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Olivine-Spinel Transitions: Experimental and Thermodynamic Constraints 
and Implications for the Nature of' t he  400-km Seismic Discontinuity 

Depar tment  of Geological Sciences, Northwestern University, Evanston, Nlinois 

T h e  sequence of  high-pressure phase transitions a-ra-17 in olivine is traditionally used a s  a 
model for seismic velocity variations in t he  200- t o  650-km-depth interval in a mant le  of peridotitic 
bulk  composition I t  has  been proposed t h a t  t h e  observed seismic velocity increase a t  400-km dep th  
is t oo  sha rp  and  of t oo  small a magni tude t o  be a t t r ibutable  t o  t he  a+@ phase change a n d  t h a t  t h e  
uppe r  mant le  mus t  t hus  be chemically stratified, with the  400-km discontinuity being due  either t o  
a combination of phase changes in a layer of pyroxene/garnet-rich "piclogite" composition or t o  a 
chemical boundary between such a piclogite layer a n d  an  overlying peridotitic layer Using available 
calorimetric,  thermoelastic,  a n d  synthesis d a t a  (and their associated experimental uncertainties),  we 
have derived internally consistent high-pressure phase relations for t he  Mg2Si0,-FeZSiO4 join W e  
find t h a t  t h e  divariant transition cu-+a+j3-+P, which is generally regarded as occurring over a broad 
d e p t h  interval for mant le  olivine compositions, is, in fact ,  extremely sha rp .  T h e  seismic discon- 
t inui ty  corresponding t o  t h e  a--+cu+B+B transition in (Mgo~oFeo~l)$i04 should occur over a dep th  
in terval  (isothermal) of a b o u t  6 km a t  a dep th  of approximately 400 km; t h e  sharpness  of th is  t r an -  
sition is quite insensitive t o  uncertainties in t h e  constraining calorimetric, thermoelastic,  and  syn- 
thesis da t a .  In addition, we have computed seismic velocity profiles for a model mant le  consisting 
of pure  olivine of (Mgo~oFeo.l)zSi04 composition. Comparison of these computed profiles t o  those 
derived f rom recent seismic studies indicates t h a t  t he  magni tude of t he  observed velocity i n c ~ e a s e  a t  
400-km dep th  is consistent wi th  a mant le  transition zone composed of abou t  60-70% olivine W e  
conclude t h a t  there  is n o  need t o  infer t he  existence of pyroxene/garnet-rich compositions, such a s  
eclogite o r  "piclogite," in t he  t ransi t ion zone, since an  upper  mant le  of homogeneous olivine-rich 
peridotitic composition is consistent wi th  the  available seismic velocity d a t a  

The abrupt increase in seismic velocity a t  approximately 
400-km depth is indicative of a change in the elastic pro- 
perties of the materials comprising the earth's upper man- 
tle This change has been ascribed to a phase transforma- 
tion in one of the major mineralogic constituents of the 
mantle [e g , Ringwood, 19701 Samples of the upper man- 
tle occur as xenoliths in kimberlites and in alkalic basalts 
[Ringwood, 19751 and are generally of peridotitic (oiivine- 
iich) or eclogitic (clinopyroxene-plus-garnet) mineralogy 
Bernal [1936] proposed that the velocity increases in the 
transitidn zone were produced by the transformation of 
olivine to the spinel structure His suggestion has been 
reiterated and amplified with recent high-pressure experi- 
mental data [e.g., Akimoto and Fujisawa, 1968, Rfngwood 
and Major, 1970; Kawada, 1977, Suito, 19771 These 
authors have shown that a transformation of 
c~-(Mg,Fe)~Si0~ (olivine) to either ~ - ( M g , F e ) ~ S i 0 ~  (spinel 
structure) or to ,B-(Mg,Fe)2Si0, (modified spinel) would 
produce a significant change in density and seismic veloci- 
ties a t  approximately 400-km depth for a mantle of perido- 
titic composition Despite the wide acceptance of the peri- 
dotitic model for the upper mantle [Ringwood, 1975, Liu, 
1979, Jeanloz and Thompson, 1983, Navrotsky and Akaogi, 
1984, Weidner, 19851, it has been suggested [Bass and 
Anderson, 1984, Anderson and Bass, 19861 that  a phase 
change in olivine would give rise to a gradual increase in 
seismic velocity over a considerable depth interval, rather 
than the observed abrupt increase, and that the magnitude 
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of the velocity increase due to such a transition would be 
more than twice that actually observed seismically. These 
authors state that the seismic data indicate that  the tran- 
sition zone is chemically distinct from the uppermost man- 
tle, with the transition zone composed of a 
pyroxenelgarnet-rich "piclogite" layer containing 16% 
[Bass and Anderson, 19841 or 30% [Anderson and Bass, 
19861 olivine They thus ascribe the 400-km discontinuity 
to either a chemical boundary between the piclogite layer 
and the overlying peridotite or, if this boundary is referred 
to a shallower depth, to a phase change in the eclogitic 
and olivine components of the piclogite The nature of the 
400-km discontinuity has important geologic implications, 
a chemical discontinuity could inhibit convection, produc- 
ing a thermal boundary layer and isolating the mantle into 
distinct geochemical reservoirs [cf. Christensen and Yuen, 
19841 

Isochemical phase transformations are, in general, 
difficult to  reconcile with sharp seismic discontinuities 
This is because phase transitions in complex multicom- 
ponent systems are generally multivariant in nature and so 
give rise to  smooth gradients in seismic velocity over broad 
depth intervals, a s  shown in Figure 1 A viable phase 
transition model for the 4 W k m  discontinuity must be 
exceptional in that  it must be nearly univariant (Figure 1) 
In a previous study [Bina and Wood, 19841 we demon- 
strated that  the major mineralogic transformation in eclo- 
gite a t  about 400-km depth, pyroxene dissolving into gar- 
net (majorite), is multivariant and would not produce an 
appropriate seismic discontinuity (Figure 1) The major 
purpose of this study has been to determine whether or 
not a phase transformation in the Mg2SiOeFe2Si04 system 
could produce, under isochemical conditions, a sharp 
seismic discontinuity We therefore follow Navrotsky and 
Akaogi [1984] and Weidner [1985] in examining the main 
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Fig. 1. In simple systems, univariant reactions occur in which a 
phase a of fixed composition transforms directly into a phase j3 of 
fixed composition, giving rise t o  a sharp discontinuity in material 
properties (e.g., seismic velocities) a t  a given depth. In complex 
systems, divariant reactions occur in which a phase a transforms 
t o  a phase j3 via a n  intervening region (an "a+j3 loop") in which 
both phases are stable and  in which the  distribution and  composi- 
tions of the  two phases vary continuously; this gives rise t o  a 
smooth, continuous gradient in material properties (e.g., seismic 
velocities) over a finite depth interval. 

phase transformations to be expected in peridotitic compo- 
sitions, namely, ~x-(Mg,Fe)~Si0~ -+ P-(Mg,Fe)2Si04 -+ 

r-(Mg,Fe)zSi04. 
Navrotsky  and Akaogi  [1984] used available high- 

pressure experimental data together with 1 atm 
calorimetric measurements and volumes to produce an 
internally consistent model of the Mg2Si04-Fe2Si04 phase 
diagram a t  high pressures and temperatures. Although 
thev found that the a + R  divariant  loo^ was auite narrow 
(abiut 10 km wide), these authors" calcuiated phase 
diagram generates a smeared out discontinuity a t  400 krn 
because at  probable mantle temperatures and compositions 
(Mg/(Mg+Fe)-0 9), the a phase breaks down to 
(with s~nall arnounts of 7) before the P phase appears 
Their results, which provide a basis for our work, may be 
refined in two important ways First, Navrotsky  and Aka-  
ogi 119841 took no account of the compressibilities and 
coefficients of thermal expansion of the a, P, and 7 phases 
and hence assumed the volume changes of reaction to be 
independent of pressure and temperature T h ~ s  IS a sub- 
stantial oversi~nplification because the bulk modulus of the 
cr phase is much less than that of the ,8 and 7 phases 
[ W e i d n e r  et al., 19841, and incorporation of these data 
alters the calculated phase relations appreciably (For 
example, the calculated free energy difference between the 
cr and p phases of Mg2Si04 component a t  1000°C and 
100 kbar increases by more than 600 cal (about 10%) upon 

inclusion of the pressure and temperature dependence of 
the volumes ) Second, Navrotsky  and Akaogi  119841 
assumed that the Mg and Fe atoms rnix ideally in all three I 

phases, an assumption which, although a reasonable first 
approximation, is not strictly correct [Wood  and Kleppa, 
19811. In this study we have made use of all the available 
thermodynamic, thermoelastic, and high-pressure experi- 
mental data for the olivine polymorph phases. We have 
used these data to compute internally consistent phase 
diagrams for the Mg2Si04-Fe2Si04 join and to calculate 
density and seismic velocity profiles as functions of pres- 
sure and temperature for a model mantle of pure olivine 
(Mg0.gFe0.1)2Si04 composition 

The phase diagram for olivine in pressure-composition 
space is usually drawn as shown in Figure 2. The cr+P 
divariant field is generally sketched as a broad loop, hence 
olivine with a presumed mantle Mg/(Mg+Fe) ratio (-0.9) 
would undergo a gradual transition from the cr to the P 
phase with increasing pressure, giving rise to a smooth 
variation in elastic properties and seismic velocities over a 
broad depth interval (Figure 1) However, as also shown 
in Figure 2, the width of the cr+P loop is not well con- 
strained by the high-pressure data since no experiments 
have, to date, produced an equilibrium cr+P phase assem- 
blage in mantle olivine compositions In order to deter- 
mine the n a t u ~ e  of the cr+cr+P-+/3 transition, it is neces- 
sary to use other types of experimental data These data 
enable us to compute an olivine phase diagram which is 
inte~nally consistent thermodynamically and in which the 
width of the a+@ divariant loop is well constrained 

In order to calculate a phase diagram, it is necessary to 
have enthalpy ( ~ ~ 4 1 ,  entropy ( s t ) ,  and heat capacity (cA) 
data at  1 atm for all of the components (subscript i) of 
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Fig. 2. Isothermal pressure-composition diagram [after Jeanloz 
and Thompson, 19831 showing experimental d a t a  for olivine 
polymorph stability fields a t  1273 K. D a t a  points [Akimoto and 
Fujiaawa, 1968; Ringwood and Major, 1970; Kawada, 1977; Suito, 
1977; Yogi et o f ,  19791 denote the high-pressure stability limits of 
the low-pressure assemblages (triangles), the  low-pressure stability 
lirnits of the high-pressure assemblages (inverse triangles), and the 
compositions of 7 phase which coexist with a phase a t  the indi- 
cated pressures (dots). 



interest in all of the phases (superscript q5) concerned If 
high pressures are involved, a suitable equation of state, 
expressing the temperature and pressure dependence of the 
volume v~~(P,T) ,  is necessary, and if the phases are mul- 
ticomponent, the relationships between the activities of 
the components ( a t )  and the compositions of the phases 
(Xi4) are also required 

Consider the free energy of Mg2Si04 in the a phase 
For pure a-Mg2Si04 the free energy Gn at  any pressure 
and temperature may be expressed as 

T 

In equation (I), P and T refer to the pressure and tem- 
perature of interest, and enthalpy HSgBio,(To) and entropy 
Sksio,(To) data are taken a t  1 bar a n d  some reference 
temperature To The heat capacity (Cp) integrals take H 
and S from the reference temperature To to the tempera- 
ture of interest T a t  1 bar, and the volume integral is per- 
formed a t  the temperature of interest T 

The conditions of equilibrium between pure Mg2Si04 in 
the a phase and pure Mg2Si04 in the /3 phase may be cal- 
culated by formulating a similar expression for p-Mg2Si04 
and equating the two free energy equations For the 
equilibrium 

Mg2Si04 = Mg&i04 
a-phase &phase (2) 

we have a t  equilibrium with both phases pure 

- - 

Equations (1) and (3) may be solved for the univariant P- 
T curve which corresponds to equilibrium coexistence of 
a-Mg,SiO, and &Mg2Si04. Natural olivines, however, 
contain a t  least one other component (Fe&3i04) in addition 
to Mg&3i04, so that the a+P equilibrium is divariant 
rather than univariant, as depicted in Figures 1 and 2 In 
solid solutions the free energy equations (1)  and (2) have 
to be modified by taking account of the activities a&+sl0, 

and a&sio, of the Mg,Si04 component in the two phases 
- 

of interest The partial molar free energies C h O 4  and 

c & ~ ~ ~ ~  are given [ W o o d  and  F r a s e r ,  1977, pp 52-53] by 

and the condition of equilibrium (3) becomes 

With the standard state used here, the activity of Mg2Si04 
component in Mg2Si04-Fe,Si04 solid solution can take 
values between 0 (in pure Fe2Si04) and 1 (in pure 
Mg&i04). In practice, Mg-Fe olivine solid solutions closely 
approximate ideal mixing behavior [ N a v r o t s k y  and  A k a o g i ,  

where X&9iOq(P,T) is the mole fraction of Mg2Si04 com- 

ponent in the a phase Small positive deviations from 
ideality are observed for the a phase [ W o o d  and ICleppa, 
19811 so that an exact formulation for the activity is 

where the activity coefficient I' is greater than 1 [ I Y o o d  
and ICleppa, 19811 The appropriate substitutions in equa. 
tions (4) and (5) show that a t  any P and T,  the ratio of 
activities a & s i o , ( ~ , ~ ) / a k s l o , ( P , ~ )  is the parameter 

which can be found from the Mg2Si0, equilibrium This is 
insufficient to define the compositions of the two coexisting 
phases in the divariant region a t  any pressure and tem- 
perature However, the presence of Fe2Si04 component in 
both a and /I phases yields the additional equilibrium con- 
dition 

Fe2SiO4 = Fe2Si04 
a-phase ,L-phase 

for which 

AG = o = G L ~ ~ ~ J P , T )  - C:910j~.~) 

with C given by 

Solving for the ratios of both sets of activities 
a&gio4(P, TI/ at3gPio,(P, T )  and a#%sio,(P, T)/aAzSio,(P,T) 
enables the determination, through activity-composition 
relations, of the compositions of the coexisting a and p 
phases in the divariant region In practice, the nonlinear 
equations were solved numerically by the method 
described in Appendix A 

Equations (1)-(7) above provide the basis of our method 
of solving for univariant and divariant equilibrium rela- 
tions in the Mg$i04-Fe&3i04 system The thermodynamic 
data required by the equations are not all known, however, 
and those that are available are, in some cases, subject to  
considerable uncertainty This has required certain 
approximations and assumptions which we shall outline 
here First, heat capacities Cp are not known for the 
high-pressure polymorphs over the entire temperature 
range of interest An extremely good simplification for 
solid-solid phase relations is that  the heat capacity 
difference between high- and law-pressure phases is 
independent of temperature [ W o o d  and  Holloway,  19841, 
which is equivalent to fixing all of the heat capacities a t  
the values for the reference temperature, in this case, 
1000 I< Here we have used such constant 1000 K values 
(see Table 2 below), but we have performed parallel calcu- 
lations using the estimated temperature dependencies of 
the heat capacities as given by W a t a n a b e  [1982] and found 
no departure from the behavior described herein Second, 
it is necessary to assume an appropriate form for the equa- 
tions of state of the a ,  p, and 7 polymorphs of Mg2Si04 
and FezSi04 We have used measured volume coefficients 
of thermal expansion, a(T),  a t  1 atm to obtain volumes a t  
the temperature of interest T and 1 bar (-1 atm) pres- 



sure A t  constant pressure P the coefficient of thermal 
expansion is defined by 

(The coefficient of thermal expansion cr(T), used as a ther- 
modynamic parameter, should not be confused with the or 
phase of olivine, used as  a superscript ) In the temperature 
range of in te~es t ,  cr is expected to increase linearly with T ,  
attaining a limiting value a t  high tempe~atures  [cf Ash- 
croft and Mernazn, 1976, pp 490-4951 Representing this 
linear temperature dependence of cri by 

equat~on (8) may be Integrated to give V a t  1 bar and 
temperature T relatlve to  the ~eference temperature of 
298 I< 

V/T)  = Vi(298) exp [cri(298I<) ( T  - 298) 

(We have a performed parallel analysis with cr fixed a t  its 
linearly extrapolated 1200 K value (see Table 2 below) and 
found tha t  our computed phase relations are not sensitive 
to this assumption ) 

In order to integrate the VdP term in equation (I),  the 
pressure dependence of V a t  temperature T is needed, 
requiring introduction of the isothermal bulk modulus KT 

Most of the available bulk modulus da ta  were obtained a t  
298 K rather than a t  high temperature, and they generally 
refer t o  adiabatic (I<s) rather than isothermal (KT) values 
T o  take account of these differences, we have used con- 
s tant  values of the Anderson-Gruneisen ratio 6s as follows 
[cf. Anderson et al., 19681 

where the Griineisen parameter 7 is given by 

These relatlonshlps p rov~de  the pressure and temperatur e 
dependenc~es of the isothermal bulk modulus I(?. In 
accordance with the Eulerlan finlte s t r a ~ n  formulat~on of 
Btrch [1952], we have used the Isothermal bulk rnodulus 
and its pressure derivative In conjunctlor1 wlth the thlrd 
ordel B~rch-Mu~naghan  isothermal state equatlon to o b t a ~ n  

the implicit pressure dependence of the volume 

In equation ( l4) ,  the isothermal bulk modulus ICT and its 
pressure derivative are evaluated a t  1 bar and the tem- 
perature of interest, and V(1,T) and V(P,T) refer t o  the 
volume of the phase a t  1 bar and tenlperature T arid a t  
P bars and temperature T, respectively T o  evaluate G as 
a function of pressure, the VdP term in the free energy 
equation (1) was integrated using a composite rectangular 
quadrature scheme Icf Forsythe et al., 1977, p p  85-89]; a t  
each evaluation point of the quadrature, a one-dimensional 
Newton's method (cf Gerald and Wheatley, 1984, pp  15- 
201 was used t o  evaluate V as a functiori of P by equa- 
tion (14) within l-bar precision in pressure 

The formalism discussed above enables the calculation 
of the partial molar free energies of Mg2Si04 and Fe2Si04 
components in a ,  p, and 7 phases a t  any desired pressure 
and temperature Hence univariant boundaries and divar: 
a n t  fields may be calculated in pressu~e-temperature 
composition space While most of the necessary thermo- 
dynamic parameters have been measured within some 
experimental uncertainty, data  for certain of the parame- 
ters simply do not exist For  example, thermodynamic 
data  for the metastable p-F'ezSi04 phase are unknown, 
although they are required for the calculatior~ procedure 
(equation (7)) Furthermore, activity-composition da ta  for 
the p and phases are unknown, and the pressure and 
ternperatur-e derivatives of the bulk moduli of ,B and 7 
phases are extremely uncertain Fortunately, the rneas- 
ured phase relations in the Mg2Si04-FezSi04 system (Fig- 
uIe 2)) although incomplete, may be used t o  constrain and 
refine unknown and uncertairl ther.modynamic properties. 
This can be done simply by inverting the formal calcula- 
tion procedure discussed in the context of equations (1)- 
(7) The measwed phase diagram has the requirement 
that  when two phases coexist, A G  = 0 (equation (3)) for 
the equilibrium of interest, thus the thermodynamic pro- 
perties must be consistent with equilib~ium under the 
pressure-temperature-composition conditions which are 
measured This is the major test of internal consistency of 
the thermodynamic data  set 

Phase diagram measurements which have been used t o  
construct a n  internally consistent model of the Mg2Si04- 
Fe2Si04 system are summarized in Table 1 In general, 
where several measurements of the same reaction have 
been made, those implying equilibrium a t  the lowest pres- 
sure have been adopted This is because anvil devices 
used in high-pressure experiments tend, because of friction 
loss, to  overestimate equilibrium pressure Furthermore, 
when experiments s ta r t  with the low-pressure a phase, as  
most do, reactlon kinet~cs requlre a ce r ta~n  overstepping of 
the equilibrium pressure to h l g h e ~  pressure before the 
hlgh-pressure phase beg~ns  t o  grow S ~ n c e  both of these 



TABLE 1. Phase Diagram Constraints on Thermodynamic Data Set 
Measurement Constrains (Primarily) References for Data 

a+7 divariant loop 

@+7 divariant loop 

a+7 -+ @ reaction 

P-T slope of a-Mg2Si04 -+ @-Mg2Si04 

P-T slope of B-Mg2Si04 -+ 7-Mg2Si04 

P-T slope of a-Fe$i04 -+ 7-Fe$i04 

G & i ~ 4 - G & z s l ~ 4  Ringwood and Major  [1970], 
Kawada (19771, Sui to  119771 

G&$lo4 - '&lo4 Sui to  [1977], Y a g i  et a[. 11979], 
Kawada [I9771 

G & 2 ~ i ~ 4  - G F % 2 ~ i ~ 4  Kawada 119771, Ringwood and 
Major  [1970], Ak imo to  and 
Fujisawa [1968] 

nonideality of 7 phase A k i m o t o  and Fujisawa [1968], 
Ringwood and Major  119701, 
Kawada 119771 

nonideality of @ phase  Kawada 119771, Niahizawa and 
Ak imo to  119731, Akaog i  and 
Ak imo to  11979l 

'A2slo4 - G & 2 ~ ~ ~ 4  Kawada [19771, Ringwood and 
Major 119701 

'&1o4 - S&3104 Kawada 119771, Suito 119771 

S ~ l o 4  - s&$i04 Kawada 119771, Sui to  119771, 
Sawamoto [1985] 

S$%sio4 - sF%2sio4 A k i m o t o  el al. 119771 

effects would lead to overestimation of equilibrium pres- 
sure, the lowest measured value for a particular reaction is 
generally to be preferred (A Navrotsky and M Akaogi 
have recently pointed out to us that problems of thermal 
expansion and phase changes in the pressure medium, 
together with difficulties of high-temperature pressure cali- 
bration, can also lead to underestimation of equilibrium 
pressure We have performed a preliminary analysis using 
data which yield slightly higher pressures of a-p Mg2Si04 
equilibrium (M Akaogi, personal communication, 1986) 
than those adopted here We find that while the absolute 
values of our derived enthalpies change, bringing them 
into better agreement with those reported by Akaogi et al. 
[1984] and Naurotsky and Akaogi 119841, the topology of 
our computed phase diagram, including the width of the 
a+p loop, does not change significantly ) Finally, it should 
be noted that while we assume that the results of the syn- 
thesis experiments are indicative of chemical equilibrium, 
very few of these experiments have rigorously demon- 
strated equilibrium according to the criterion of "reversi- 
bility" [Fyfe, 1960] 

The transition pressure for a-Fe$i04 -+ 7-Fe$i04 was 
taken from Kawada [1977] and Akimoto et al. [1977] and 
fixed at  60 kbar at  1000°C The a+P and P+y transi- 
tions in Mg2Si04 were taken, a t  1000°C, to be 120 kbar 
[Ringwood and Major, 19701 and 160 kbar [Yagi  et al., 
19791, respectively The metastable transition of 
cu-Fe2Si04 to P-Fe$i04 was fixed to have a free energy 
change of +6000 cal/mol a t  1 bar and 10W°C This comes 
from the approximate position in pressure-composition 
space of the a-P-q univariant line, as given by Kawada 
[1977] and by Ringwood and Major [1970], and gives a 
metastable a+jl transition pressure of 94 kbar, in excel- 
lent agreement with the estimated value of 92 kbar given 
by Navrotsky and Akaogi 119841 

The nonideal mixing properties of the a-phase were 
taken from Wood and Kleppa [1981] and Fisher and 
Medaris [I9691 and may be represented by the two-site 
subregular solution model [cf. Thompson, 19671 as follows 

where 

These activity-composition relations were used to derive 
the W&sio4 and W&2sio4 Margules parameters (Table 2) 

from the a + y  divariant loop determined experimentally by 
Ringwood and Major [1970] A similar approach for parti- 
tioning in the jl+r divariant field [Nishizawa and Akimoto, 
1973, Akaogi and Akimoto, 19791 gave the W&9io, and 

wAqSo4 terms of Table 2, with the available data being " .  
insufficiently precise to require any asymmetry in mixing 
properties The results are consistent with the data of 
Nishizawa and Akimoto 119731, who concluded that both 
the cu and 7 phases exhibit deviations from ideal- 
ity (I' > 1 and W > 0 )  a t  high pressure Since the WQ 
and W7 terms have similar magnitudes but opposite asym- 
metries, our fitting procedure also supports the suggestion 
of Navrotsky and Akaogi [I9841 that the nonidealities in 
these two phases largely cancel one another out when 
activity ratios for the a-t-7 field are calculated 

The logarithmic temperature derivatives of the bulk 
moduli, in the form af Anderson-Grdneisen ratios (equa- 
tion (11)),  are given by Jeanloz and Thompson (19831 for 
a-Mg$i04 and a-Fe$i04. To obtain estimates of the 
temperature dependence of the bulk moduli for the P and 
7 phases, we have made use of the empirical observation 



TABLE 2. Internally Consistent Data Dase Consistent With Experimental Data 

Component 

Mg$iQ4 Fe2Si0, Mg$iO4 Fe2Si0, Mg2Si04 Fe2Si0, 

Phase 

SPWK, cal/K 

Range: HP- cal 
Value 

c$-, cal/K 

V(1,298), cm8 

a(298 K)  x loo, K-' 

( a ( u / a T ) p ~  loo, KV2 

a(1200 K)  x loo, K-' 

Range: &, Mbar 
Value 

Range: ( ~ K ~ / c ~ P ) # ~ ~ )  
Value 

rlOC0~ 

8s 
W, cal 

W,, callbar 

Range: po, Mbar 
Value 

( a l l l a p h  

( - l l l l ) (a~IaT)p,  K-' 

Phases are olivine (a), modified spinel (@), and spinel (7). SP- is third law entropy a t  1M)O K, H g W K  enthalpy of 
formation from oxides a t  I000 K and 1 bar, isobaric heat capacity a t  1000 K, V(1,298) volume a t  1 bar and 
298 K, a(298 K) thermal expansion a t  298 K and 1 bar, a(1200 I<) therrnal expansion in the high-temperature limit at  
1 bar, Km adiabatic bulk modulus a t  300 K and 1 bar, po zero-pressure shear modulus a t  300 K and 1 bar, 71Wol< 
Griineisen ratio computed a t  1000 K, Ss Anderson-Griineisen parameter. W and Wv are the excess inter.na1 energies 
and volurnes, respectively, of solution given on a per site basis (For example, W for a-Mg2Si04 is the I-bar excess 
enthalpy of putting an Mg atom into a site occupied by an Fe atom in the a phase) Observed ranges and best fit 
values are given for bulk moduli, their pressure derivatives, shear moduli, and enthalpies. 

a ~ o b i e  et al. 119781. 
' R o b i e  119821. 
'~stirnated as discussed in text. 
d ~ o o d  and HoNoway 11984). 

W o o d  and Holloway 119821 
' ~ k a o ~ i  et al. (19841. 
qs t imated by Navrotsky  and Akaog i  119841. 
hwatanabe  (19821. 
'~s t imated from values for a and 7 phases and @-Mg2Si0,. 
i ~ e a n l o a  and T h o m p s o n  [1983). 
'Computed from data given above 
' ~ e i d n e r  et al. [1984]. 
m Sawamoto et al. 119841. 
"Wood  and ICleppa [19811. 
O ~ i s h e r  and Medaris  119691. 
' ~ u m i n o  and A n d e r s o n  11984). 

[Anderson e t  al., 19681 that the logarithmic temperature 
derivatives of the bulk nloduli of most mantle minerals are 
approximately the same, of order 10" K-'. We have 
assumed, then, that the logarithmic temperature deriva- 
tive of the bulk modulus for a given component (Mg2Si04 
or Fe2Si04) in the P or 7 phase is approximately the same 
as that of the same component in the or phase, giving the 
consequent Anderson-Griineisen ratios (&'s) shown in 
Table 2. Uncertainties in this parameter have much 
smaller effects on our computed phase relationships than 
do the experimental uncertairities in bulk moduli discussed 
below 

The combirlation of experimental and thermodynamic 
data discussed above enabled us to calculate the internally 
consistent phase diagram shown in Figure 3. As can be 
seen, the a+@ divariant field is extremely narrow a t  
1000°C, giving a loop which is only about 2 kbar wide 
Further~nore, a t  this temperature, olivine with a presumed 
mantle Mg/(Mg+Fe) ratio (-0 9) undergoes a transition 
from the cu to the p phase with increasing pressure which, 
although strictly divariant (a-tcu-tp-tp) in nature, is 
effectively univariant (cu-rp) with respect to width and so 
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Fig. 3. Internally consistent isothermal pressure-composition 
diagram showing calculated boundaries (from Table 2). for olivine 
polymorph stability fields a t  1273 K. Also shown are experimen- 
tal d a t a  from Figure 2. 

would give rise t o  a sharp change in elastic properties and 
seismic velocities over a narrow depth interval (-6 km) 

Using measured values of the pressure-temperature 
slopes of the a+,B and P-+7 transitions in Mg2Si04 
[Kawada, 1977, Suito, 1977, Sawamoto, 19861 and the a47 
transition in FezSi04 [Akimoto et al., 19771, we extracted 
(equation (1)) values of ASo, and hence AHo, from the 
AGO, AVO, and Cp data  discussed above The values of 
AHo thus obtained (Table 2) are slightly smaller in magni- 
tude, in general, than those given by Akaogi et al. [I9841 
and Navrotsky and Akaogi [1984] but  still close to their 
experimental measurements Together with reference 
values for the standard s tate  entropies [Robie et al.,, 1978; 
Robie, 19821 and enthalpies [Wood and Holloway, 1982, 
1984) of the a-olivine components, these values of AHo 
and ASo complete the set of da ta  necessary for calculalion 
of a pressure-composition diagram (Figure 4) a t  1500°C, a 
reasonable temperature for the pressures corresponding t o  
400 km depth in the earth [Bott, 1982, pp 170-1751 As 
can be seen, increasing temperature narrows the a+p 
divariant loop (to about 1 kbar width), and the a-+P tran- 
sition in mantle olivine would take place a t  about 
135 kbar, corresponding t o  405 km depth in the earth 
Our analysis, unlike the simpler approach of Navrotsky 
and Akaogi 119841, does not produce transformation of 
mantle olivine t o  a t 7  phases before the stability field of 
the p phase is reached (Figures 3 and 4) We therefore 
conclude t h a t  a sharp seismic discontinuity over a very 
narrow depth interval would attend the transformation of 
(Mg0.gFe0.1)2Si04 olivine t o  the /3 phase a t  about 400-km 
depth. 

We have investigated the robustness of our conclusion 
tha t  the a - + p  phase transformation in olivine should pro- 
duce a seismic signature appropriate for a sharp 400-km 
discontinuity, relative t o  uncertainties in the experimental 
and thermodynamic da ta  The important results of our 
sensitivity analysis of the dependence of the calculated 
phase relations on  errors in the da ta  are summarized in 

Table 3 Most of the features of the phase diagrams of 
Figures 3 and 4 are extremely robust relative ta perturba- 
tions of the constraining parameters, a significant excep- 
tion being the relationship between P and 7 phases a t  high 
temperatures 

Uncertainties in P-7 phase relations arise primarily from 
uncertainties in the P - T  slope of the P-+y phase transition 
in MgzSi04 Because of the small volume change of the 
P47 reaction a t  low pressure (Table 2) and the poorly 
known Dressure derivatives of the bulk moduli. small 
uncertainties in the entropy change of reaction lead t o  
large uncertainties in the computed pressure-temperature 
slopes Although Kawada [1977] determined the pressure- 
temperature slope of the P47 transition, his data  may 
have appreciable uncertainties in pressure calibration at 
pressures above 120 kbar [Sawamoto, 19861 The da ta  of 
Suito [1977] and Sawamoto [1986], however, constrain the 
P-+7 transition in Mg,SiO, to  fall within a +10 kbar range 
(i e , 535 -595 k m  depth) a t  1500°C (Table 3 )  

In contrast to the P+7 loop, the cu+p loop, which is 
considered to produce the 400-km seismic discontinuity, is 
extremely well constrained by the experimental and ther- 
modynamic da ta  Decreases in the standard s tate  free 
energy of metastable @FezSi04 can widen the loop 
slightly, to  almost 3 kbar, but  beyond this point, 
/3-FezSi04 would become stable in between the a and 7 
phases, a condition which is never observed experimen- 
tally A 3-kbar (-9 km) width of the loop is therefore the 
maximum consistent with P-FezSi04 being unstable Per- 
turbation of bulk moduli, heat capacities, thermal expan- 
sions, and activity relations all have extremely small 
effects on the width and position of the divariant field I t  
is effectively constrained by the moderate 6if of reac;Lion, 
the fol-n~ of the a t 7  loop in ilon-rich compositions, and 
the positions of the a+@ and P-ty transitions in Mg2Si04 
Variation of the latter through the observed ranges does 
not open up  the divariant a+P loop to a.ny substantial 
extent 

Having obtained a complete set of thermodynamic data  
for the a, P, and 7 phases (Table 2) ,  we calculated the 
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Fig. 4. Internally consistent isothermal pressure-composition 
diagram showing computed boundaries (from Table 2) for olivine 
polymorph stability fields a t  1773 K. 



TABLE 3. Sensitivity Analysis 

Phase Diagram Feature Variable Sensitivity 

Width of the a+-8 CP negligible 
divariant phase loop a negligible 

G&IO~ - GI%~IO~ (1 kbar to  -3 kbar 

activity relations small ( & < l  kbar) 
volume and bulk modulus negligible 

Width and position of Cp negligible 
the Pi-7 divariant a negligible 
phase loop volume and bulk modulus up to  1 5  kbar uncertainty 

entropy up to 1 1 0  kbar uncertainty 

stable phase assemblages and mineral compositions as 
functions of temperature and pressure for pure olivine of 
compositio~i (Mgo.gFeo.l)zSi04. Such an olivine constitutes 
the major component of model peridotitic mantles [Ring- 
wood, 1975, Weidner, 19851. If the 400-km seismic discoxi- 
tinuity reflects an isochemical phase transition of a-olivine 
to @modified-spinel, then the magnitude of the observed 
discontinuity should be comparable to that calculated, and 
observed and calculated seismic velocities should be simi- 
lar. In practice, phase relations along isotherms a t  1700 K 
and 2000 K were calculated from the thermodynamic data 
by a modification of the method of free energy minimiza- 
tion described by Storey and Van Zeggeren [1964] (see 
Appendix B). From the volume and thermoelastic data of 
Table 2, the density (p), volume-averaged bulk modulus, 
and bulk sound velocity (a) were calculated for each 
stable phase assemblage from the equation 

(In computing the volume-weighted avexages of the adia- 
batic elastic moduli, we have used the Voigt-Reuss-Hill 
averaging technique Watt et al. [1976] showed that for 
the case of coexisting forsterite and spinel, this average 

B u l k  Sound V e l o c i t y  
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Fig. 5. (a) Calculated bulk sound velocity (A) as a function 
of depth for a mantle consisting of pure olivine of 
(Mgo.&eo.,),SiO, compositioh, along 1700 I< (dashed) and 2000 I< 
(solid) isotherms for AI<'& of zero. (6) Same as 5(a) but  for 
AKfh of 0.8. Composite seismic profile GCA+TNA (dotted) is 
shown for comparison (see text  for references). 

falls within the tightly constrained Hashin-Shtrikman 
bounds.) 

Figure 5 shows calculated bulk sound velocity profiles 
through the 200- to 670-km depth interval for the pure 
olivine mantle composition A sharp discontinuity in bulk 
sound velocity occurs a t  about 135 kbar (405 km) due to 
the cr+P transition The magnitude of the velocity 
increase associated with the discoiitinuity is calculated to 
be about 6 6% Our model exhibits no discontinuity or 
change in slope due to the P-+7 transition because the 
volumes and elastic moduli of the P and 7 phases are vir- 
tually identical in the depth i n t e ~ ~ a l  535-595 km in which 
that transition occurs (It should be noted that in this 
study, we have not incorporated the effects of any higher 
pressure phases, such as silicate perovskite, which might 
contribute to the 650-km seismic discontinuity ) 

Uncertainties in the pressure derivatives (I</) of the bulk 
nloduli of the P and 7 ~ h a s e s  can alter the ca.lculated 
seismic velocities without violating the thermodycemic 
and phase equilibrium constraints that we have used 
Because of their structural similarities and virtually identi- 
cal bulk rnoduli a t  1 atm [Weidner et al., 1984, Sawamoto 
et al., 19841, it is reasonable to assume that the pressure 
derivatives Kip and I(!, are the same. This assumption, 
which is consistent with the phase diagram, is that which 
was made to construct Figure 5a Based on the quoted 
ranges of K1 estimates, however [Jeanloz and Thompson, 
19831, a difference between P and 7 phases (IS1, - KIP) of up 
to 0 8 is plausible If we were to adopt such a difference, 
the P--q transition would become evident in bulk sound 
velocity profiles (Figure 5b), giving rise to an associated 
velocity increase near 550 km and so decreasing the mag- 
nitude of the discontinuous velocity increase associated 
with the a+P transition a t  400 km Adopting K1, - 
of 0.8 leaves a velocity increase of about 3 3% at  405 km 
and introduces a (less sharp) velocity increase of 
about 5 7% a t  about 550 km 

In order to use our computed bulk sound velocity 
profiles to draw conclusions about the composition of the 
mantle, we require observed seismic profiles against which 
to compare them. Recent regional seismic studies have 
produced velocity profiles for either P wave velocities 
alone (e g , T7 of Burdick and Helmberger (19781 for 
western North America, K8 of Given and Helmberger 
[1980] for northwestern Eurasia, GCA ("Gulf of Calif01 - 
nia") and GCA1 of Walck [1984] for the Gulf of California 
spreading center and its environs, CAPRI of Leven [1985] 
for north central Australia) or for S wave velocities alone 
(e g., TNA ("Tectonic North America") of Grand and 
Helmberger [1984] for tectonically active western North 
America, SNA ("Shield North America") of Grand and 
Helmberger [I9841 for the Canadian shield) as shown in 
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Fig. 6. Observed P a n d  S wave velocities (Vp a n d  Vs, respec- 
tively) as funct ions  of dep th  f rom seismic studies,  with P R E M  for 
comparison. P wave profiles a r e  G C A  (solid), T7 (long-dashed), 
K8 (short-dashed), C A P R I  (dot-dashed), and  P R E M  (dot ted) ;  S 
wave profiles are  TNA (solid), SNA (dashed), and  P R E M  (dot ted)  
(see t ex t  for references). 

Figure 6 However, as the square of the bulk sound velo- 
city (a) represents a linear combination of the squares of 
the P and S wave velocities (equation (16) below), we 
require complementary observed P and S wave velocity 
profiles if we are t o  compare computed and observed 
values of 6 The Q, profile given in the globally averaged 
seismic model PREM ("preliminary reference earth 
model") of Dziewonski and Anderson 119811 is not 

L 1 

appropriate for such comparisons because the increases in 
P and S wave velocities a t  400 km in PREM (2  6% 
and 3 4%' respectively) are in very poor agreement (Fig- 
ure 6) with those observed in the detailed regional studies 
mentioned above (4 5-6 O%, and 4 6%, respectively) In 
order to  compare 6 profiles we have constructed a com- 
posite seismic profile ("GCA-i-TNA") for the tectonically 
active portion of western North America by combining the 
P wave da ta  from Walck's [1984] GCA study with the S 
wave d a t a  from the TNA study of Grand and Helvzberger 
[1984] The applicability of our results, however, is not 
limited t o  this region since, as shown in Figure 6, both the 
character of the 400-km discontinuity and the magnitudes 
of the seismic velocities from 300 to 600 km depth are 
quite robust throughout the various observed seismic 
profiles (with the notable exception of PREM) The slight 
variability in the depth (395-410 km) to the "400-km" 
discontinuity in these models may be ascribed t o  
differences in assumed shallow structure [ Walck, 19841 

The composite model GCASTNA possesses an increase 
in bulk sound velocity of 4 9% a t  400-km depth Since 
our model pure olivine mantle (Figure 5a,) produces a 6 6% 
increase at this depth, a mantle consisting of approxi- 
mately 74% olivine would be consistent with the compo- 
site seismic observations For  the case shown in Figure 56, 
where the difference in IC' values of 0 8 displa.ces a portion 
of the  velocity jump a t  400 km to a depth of about 
550 km, the 400-km velocity increase of 3 3% would be 
consistent with a mantle composed of 100% olivine In 
making these mantle compositional estimates from the 
relative magnitudes of velocity increases, we have assumed 

tha t  the nonolivine components of the mantle do not pro- 
duce significant velocity variations over the -6 km depth 
interval of interest Inclusion of velocity variations due t o  
nonolivine components (e g , adopting eclogitic velocities 
from Bina and Wood [1984] for the remaining mantle con- 
stituents) alters these compositional estimates by a max- 
imum of about 5% 

The most conservative assumption, leading to the 
minimum estimated amount of olivine in the mantle, is 
tha t  I<'(17 - KID is 0 0 As shown above, the magnitude of 
the 400-km bulk sound velocity increase in GCA+TNA 
implies about 74% olivine in the mantle i f  this assumption 
is made Calculated bulk sound velocities for a pure 
olivine mantle are in excellent agreement (within 
*O 06 km/s) with those of GCA+TNA It appears there- 
fore that  the mantle is peridotitic a t  the 400-km discon- 
tinuity with about 70% olivine (i.e , very similar t o  
"pyrolite" \Ringwood, 19751) This conclusion, which is in 
good agreement with tha t  of Wetdner 119851, contradicts 
the assertion [Bass and Anderson, 1984, Anderson and 
Bass, 1984, 19861 that  olivine-rich mantle does not occur 
in the transition zone 

Although bulk sound velocities for an olivine-rich man- 
tle agree well 'with GCA-i-TNA (Figure 5a), a stricter test 
of a mantle model would be the direct calculation of P and 
S wave velocities (Vp and V ,  respectively) a s  functions of 
depth If the shear modulus /I is known a t  high pressure 
and temperature, then the bulk modulus and bulk sound 
velocity can be decomposed into Vp and Vs from the stan- 
dard relationships 

The pressure and temperature derivatives of the shear 
modulus of the a phase are known only at low pressures 
[Suvzino a.nd Anderson, 19841, and those of the ,b' and 7 
phases must be estimated from other minerals or by mak- 
ing some reasonable assumptions In any case it  is clear 
t h a t  calculated Vp and Vs values are much more uncertain 
than 6 Comparisons of observed and calculated v@ 
values, as given above, provide much better constraints 
upon mantle mineralogy than Vp and Vs comparisons In 
the absence of measured pressure and temperature deriva- 
tives of shear moduli for the high-pressure olivine 
polymorphs, we have used two different approaches t o  
resolve our model v% profiles into P and S wave velocitv 
profiles First, we have made use of the empirical observz,- 
tion [Anderson et al., 19681 tha t  tlie loga~ithmic tempera- 
ture derivatives of the bulk moduli of most mantle 
minerals are approximately the same, of order 1041<-', we 
have assumed a sinlilar relationship for the shear moduli, 
namely, tha t  the logarithmic temperature derivative of the 
shear modulus [cf Sunzztzo et al., 19771 for a given com- 
ponent (Mg2Si0, or Fe2Si04) in the ,b' or 7 phase (Table 2) 
is the same as tha t  of the  same component in the a phase 
In the absence of experimental da ta  the assunlption that  
all the elastic moduli show similar temperature behavior 
appears t o  be the most reasonable In order to obtain the 
pressure derivatives of the shear moduli, we made use of 
the result [Anderson and L,ieberma.nn, 19701 that  minerals 
with identical coordination numbers and similar ratios of 
shear modulus t o  bulk modulus have very similar shear 
modulus pressure derivatives We therefore assumed that  
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Fig. 7. Calculated P and S wave velocities (Vp and Vs, respec- 
tively) as functions of depth for a mantle consisting of pure 
olivine of (Mgo.$'eo.,)$3i0, composition, along 1700 K (dashed) 
and 2000 K (solid) isotherms. Composite seismic profile 
GCAfTNA (dotted) is shown for comparison (see text for refer- 
ences). 

the pressure derivative of the shear modulus for a given 
component in the /3 or 7 phase (Table 2) is the same as 
that of the component in the u! phase Second, we have 
attempted to obtain Vp and VS from @ by the method 
employed by Lees et al. (19831 Having computed the 
(Voigt-Reuss-Hill) average bulk modulus for the stable 
assemblage a t  a given pressure and temperature, we then 
assumed that Poisson's ratio for our model mantle a t  a 
given depth was identical to the value of Poisson's ratio a t  
the corresponding depth in the GCA+TNA composite 
seismic profile. We then extracted the shear modulus p 
from the aggregate bulk modulus Ks and Poisson's ratio (T 

according to the equation 

where a. is defined by 

and Poisson's ratio for this seismic velocity profile ranges 
from 0 286 to 0.297 in the region of interest Although 
this second approach is somewhat circular, using observed 
values of Poisson's ratio to deduce the calculated model, 
we have included it here to facilitate comparison with the 
results of Lees et al. [1983] 

The two "a decomposition" approaches yield almost 
identical velocity profiles Figure 7 shows the results of 
calculated P and S wave velocities for pure 
(Mgo.QFe,.,)2Si0, olivine as a function of depth for the first 
of these approaches, together with the composite seismic 
velocity profile GCAtTNA for comparison As can be 
seeri, there is close agreement between seismic velocities 
observed in the 200- to 650-km depth intexval and those 
calculated by the methods outlined above for pure olivine 
Based on the magnitude of the discontinuity a t  400 km 

depth (4 8% and 4 5% increases in P and S wave velocity, 
respectively, for GCA+TNA, 7 2% and 8 1% for our 
model profiles), a mantle with approximately 62% olivine 
would be consistent with the seismic data Thus, from the 
magnitudes of the increases in bulk sound velocity and in 
P and S wave velocities, we conclude that a mantle 
containing 62-74% olivine would be consistent with the 
seismic velocity data This conclusion is in agreement 
with that of Weidner [I9851 but is in conflict with the 
~esults  of Lees et al. 119831 and with those of Anderson 
and Bass 11984, 19861 and Bass and Anderson [1984] 

Lees et al. [1983] found that while the density profile of 
a pure olivine mantle would be quite consistent with that 
determined seisrnically, the P and S wave velocities for 
such a mantle would not be consistent with the seismic 
observations in the transition region Their results, 
however, were based on elastic property estimates for the 
/3 and .y phases which are substantially in error [ Weidner 
et al., 19841 Lees et al. [1983] remark that it would be 
necessary to lower the value of the bulk modulus of the 7 
phase in order to bring the computed and observed seismic 
velocities into agreement, and indeed, lowering the bulk 
modulus of the 7 phase to the values measured by 
Weidner et al. 119841 arid adopted by us (Table 2) brings a 
pure olivine mantle-into much better agreement with the 
observed P and S wave velocities (Figure 7) 

While the density [Bass and Anderson, 19841 and 
[Anderson and Bass, 19841 profiles for an olivine-rich man- 
tle composition ("pyrolite") are in agreement with current 
seismic observations, Bass and Anderson [1984] and 
Anderson and Bass [I9861 found that the P and S wave 
velocities for an olivine-rich mantle were significantly 
higher that those for PREM Examination of their elasti- 
city data base (D L Anderson, personal communication, 
1985) indicates that the values of the temperature deriva- 
tives of the shear moduli which they assumed for the /3 
and 7 phases imply a constant temperature derivative, 
rather than a constant logarithmic temperature derivative 
such as we have used here The latter appears to be the 
bet te~ first approximation because it corresponds to 
observed bulk modulus behavior Andeison and Bass's 
linear temperature extrapolation and reliance on spinel 
analog data result in larger shear moduli (and hence higher 
P and S wave velocities) a t  mantle temperatures and pres- 
sures Anderson and Bass 119841 note that the seismic 
velocity data cannot rule out an olivine-rich upper mantle; 
however, we suggest that an olivine-rich mantle is not only 
consistent with the seismic velocities throughout the 200- 
to 650-km depth interval but is necessary to explain the 
sharpness and magnitude of the 400-km seismic discon- 
tinuity, short of invoking a discontinuity in bulk chemical 
composition a t  400 km. 

The actual sharpness of the 400-km discontinuity is 
difficult to resolve seismically [Muirhead, 19851 Kennett 
[1975] discussed the possibility that mantle discontinuities 
may actually be much sharper than estimated by those 
seismic studies which neglect the effects of attenuation, 
arid Ingate et al. [1986] have summarized the difficulties 
and uncertainties inherent in attempting to constrain gra- 
dients and discontinuities in seisniic velocity by the tech- 
nique of synthetic seismogram forward modeling Leven 
[1985] suggests that  the 400-km discontinuity occurs over 
a depth interval of about 6 km Other studies [cf Silver 
et al., 19851 suggest that this discontinuity is at  least 
10 km wide. The a-rp transition width of approximately 
6 km given herein is computed for isothermal conditions 



and is actually sharper than required by most seismic 
da ta  The presence of temperature gradients through t.he 
transition [cf Verhoogen, 1965, Jeanloz and Thompson, 
19831 could broaden the discontinuity by a maximum of 
about 7 km 

In conclusion, by using available calorimetric, thermoe- 
lastic, and synthesis da ta  we have derived an internally 
consistent high-pressure phase diagram for the Mg$iO,- 
Fe2Si04 join which is quite insensitive to the uncertainties 
in the experimental da ta  This diagram, in turn, con- 
strains the divariant a:--ra:+p-+p transition t o  be 
extremely sharp, effectively univariant on the scale of the 
mantle For  mantle olivine compositions, then, the 
a:+a:+/3-+/3 transition in (Mgo$'eo.l)2Si04 should occur 
over a depth range (isothermal) of approximately 
6 ( ~ 3 )  km a t  a depth of about 400 km (The presence of 
temperature gradients through the transition may broaden 
the depth interval by a maximum of about 7 km ) This 
transition would produce a sharp discontinuity in seismic 
velocity a t  this depth, in excellent agreement with seismic 
observations 

The bulk sound velocity profile for a model mantle con- 
sisting of pure olivine is in good agreement with the 
observed seismic profiles, both above and below the 400- 
km discontinuity, so tha t  a n  olivine-rich mantle is quite 
consistent with available seismic da ta  Furthermore, com- 
parison of the observed magnitude of the velocity jump a t  
400-km depth with tha t  computed for a pure olivine man- 
tle suggests a mantle composed of about 70% olivine 
Attempts a t  resolving individual P and S wave velocities 
from the elastic data  produce computed seismic velocity 
profiles which are in good agreement with recent regional 
seismic models The relative sizes of the computed and 
observed jumps in P and S wave velocities and bulk sound 
velocity across the discontinuity are indicative of a mantle 
containing 62-74% olivine. A mantle of olivine-rich com- 
position is thus quite consistent with the current minera- 
logical and seismic data, the data  do not require the tran- 
sition zone to be chemically distinct from the uppermost 
mantle. 

The system of equilibrium conditions in the divariant 
region cu+P consists of equations (cf equation (3)) of the 
form 

We may define difference functions F such that  

for each component i ,  and we may then seek solutions t o  
equations of the form 

In the divariant region the requisite system of equations is 
simply 

where X$ = 1 - X? for any given phase C$. 
T o  solve for the case of equilibrium involving all three 

phases a:, /3, and 7, we need only include two more 
equations, those involving either the a:-7 or the P7 
difference functions, in this system 

In order to solve the system, we may employ Newton's 
method [cf Gerald and Wheatley, 1984, pp 133-1393 to 
reduce the solution of the svstem of nonlinear eauations t o  
iterations of solutions of systems of linear equations We 
accomplish this by developing the first-order (i e , linear) 
Taylor series approximation [cf Hurley, 1980, pp 710-7141 
to each function FI, so tha t  

where each function F1 and its derivatives are evaluated a t  
the appropriate approximate root xfOld 

We may use forward finite differences [cf Gerald and 
Wheatley, 1984, pp 233-2381 for the calculation of deriva- 
tives, so that  

where 6 is some small finite perturbation parameter 
The linear systems (Al )  may be solved by a matrix 

method, such as  Gaussian elimination employing partial 
pivoting [cf Gerald and Wheatley, 1984, pp. 88-95] Each 
solution of a system such as  (Al )  will give the correction 
factors (Xtnev X;lbld) by which the previous approximate 
solution xAld must be modified, and hence values for 
xfneW may be obtained for all pertinent phases C$ These 
corrections may be applied iteratively until the absolute 
differences between consecutive solutions fall below some 
arbitrary tolerance value E Note that  when solving the 
univariant problem for three coexisting phases numeri- 
cally, i t  may be necessary t o  scale the pressure variable t o  
the same order of magnitude as the composition (mole 
fraction) variables (i e , order lo-') in order to  avoid form- 
ing a nearly singular matrix during linearization. 

Initial estimates of the solution variables for Newton's 
method may be obtained as follows The partial molar 
free energy of Mg2Si04 in the a: phase is given by 



In equation (A2), G&zS104,T refers to the free energy of 
pure Mg,Si04 in the CY phase at  te~nperature T and 1 bar 
Equilibriu~n between a and P phases gives the conditions 

Upon constructing equations similar to (A2) for the P 
phase and for the Fe2Si04 components, the above may be 
expanded to give 

algorithm of Storey and Van Zeggeren 11964) Equilibrium 
is found at  fixed conditions of pressure, temperature, and 
bulk composition by minimizing the Gibbs free energy G 
given by 

N 

where Gi is the chemical potential of component i in a 
given phase, ni is the number of moles of i in the syste~n, 
and N is the total number of components. 

Starting with an initial estimate of the equilibrium 
values of the nl, the minimization takes place at  constant 
mass, giving the condition 

N 

~ C J I ~ I  = mj 
I=1 

(Bl) 

P where m, is the total number of moles of the jth oxide in 
the system and c~ l  is the number of moles of j in the ith 
component The free enerm is lowered iteratively by -- 
introducing a search parameter X and finding the condition 
of varying ni under which the derivative of G with respect 

(A3) to X is a minimum (i.e , steepest descent) Hence 

A G ~ $ ~ ~ ~  = AGFGI~JT) + J A V ~ $ ~ ~ ~ ~ P /  
1 (B2) 

4 R T  In K F ~ ~ O ~  = 0 
It is impo~tant to exclude iterative solutions in which the 

whe1.e the equilibrium constants (the Ki"-'@'s) are given by ni can become negative This is done by introducing the 
change of variables 

We may begin by assuming an ideal single-site binary solid 
solution ( i  e., alC = xi4), so that 

Upon solving these two equations in two unknowns (the 
xkSiO 's), we obtain 

- 
nl = exp(rl1) 

Thus, from (B1)-(B2) we have 

with the mass balance conditions 

Upon applying an additional normalization condition 

the di~ection of steepest descent is now found by introduc- 
ing the Lagrange multipiers [cf. Hurley, 1980, pp 223-2281 

and E and so forming the i equations 

We may now solve the two equations (A3) sinlultaneously where M is the total number of oxide constituents of the 
for the two unknown equilibrium constants (the IC~"-'B'S) 
and insert these values into equations (A4) to obtain our upon multiplying each of these i (B4) by ckini 
initial compositional estimate and summing over all i, we obtain M simultaneous equa- 

This process is easily extended to four equations in four tions in unknowns (the Ej) such that 
unknowns, for approximation to the solution of the case of 
univariant equilibrium involving all three phases, by the 
inclusion of suitable expressions involving fciW-+7. [ c c j l [ n i 2 ] ~ j  = c 2  ( ~ 5 )  

J=1 I=1 1=1 

APPENDIX B: STEEPEST DESCENT MINIMIZATION 
where k = 1, , M 

Multicomponent phase equilibria were calculated by a Upon solving these equations (B5) for the Ej, we obtain 
variation of the steepest descent free energy minimization the new values of ni for the next iteration 



such that  

where, in equation (B6) above, 5 is fixed t o  satisfy the nor- 
malization condition (B3) Note t h a t  while the elements of 
dlll/dX in equation (B7) above determine the direction of 
steepest descent, a suitable step size AX must be chosen to 
determine the magnitude of the corrections which are to  
be made to the composition We have applied an "accu- 
rate line search" algorithm [Gill  e t  al., 1981, pp 100-1021 
in order to  select a step size which will guarantee sufficient 
descent along the direction of steepest descent Addition- 
ally, we have found it useful to  impose the mass balance 
conditions (Bl) a t  each iteration to  minimize the effects of 
numerical drift 
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